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PREFACE o

This paper provides a .ramework for analyzing military enlistment and reenlistment policies

and incentives, looking beyond simple enlistee counts to measures which include the effects of .':-ij
differential retention. productivity, and costs. The methodology is applicable to other fields,
such as teaching and occupations requiring lengthy training and/or apprenticeship, where entry o
is usually only at the most junior level. ‘
This paper has been submitied and accepted as a doctoral dissertation in partial satisfaction B
of the requirements for the Ph.D. in The Rand Graduate Institute. IZ‘}'
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SUMMARY

Since the end of conscription, the military services have periodically found it difficuit to
attract and retain desired numbers of enlistees. Analyses of the many proposals for “solving"
these problems have concentrated on the effects on recruiting and retention and on the monetary
costs. Little attention has been paid to the less obvious costs to the services—costs in years of
service, changes in experience levels of the force, and potential losses in productivity among the
enlisted force.

Adequate assessment of manpower policies requires consideration of the patterns of enlistee
losses (rom attrition and failure to reenlist. Also, variations in enlistee effectiveness and costs
are as important as variations in retention in assessing enlistee worth. Effectiveness and costs
differ not only among enlistees but also across time in the military careers of individual
enlistees,

This dissertation provides methodologies which permit moving -eyond simple counts of
enlistments and reenlistments to measures of the short- and long-term costs and benefits
accruing from policies designed to stimulate accessions and retention. They provids a common
basis by which disparste measures—increases in enlistments under a set of incentives, bonus
clasticities for reenlistments, and so forth—~can be compared. The statistical nature of these
techniques recognizes the randomness in the attrition and reenlistment behavior of individual
enlistees.

The basis for these techniques is the retention function, which describes the (random) length
of service of an individual enlistee. Policy analysis requires comparison of the aggregate effects
of particular retention patierns on groups of enlistees. The retention function facilitates
development of a rich set of measures for assesting long-term effects of manpower policies that
might change enlistment and retention behavior. The short-term effects of such changes
critically depend on the initia} conditions (force composition, etc.) and are best assessed with
standard aggregate force models; the retention function can provide parameter estimates needed
by these models.
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I. INTRODUCTION

Since the advent of the All-Volunteer Force (AVF), the military services have periodically
found it difficult to attract and retain desired numbers of enlistees. This is especially true of
enlistees in hard-to-fll occupational speciallies such as combat arms and of "high-quality”
enlistees (high school graduates who score above the median on the mental aptitude tests given
potential enlistees). These difficulties stem from many sources. Military pay and allowances
occasionally lag earnings in the private sector, and some benefits of military service have been
materially reduced, such as the substitution of the Veterans' Educationul Assistance Progrum
(VEAP) for the Gl Bill. Despite these long-term problems, the armed forces have enjoyed
considerable recruiting success during the last two years, thanks to the reduced demand for
young workers in the civilian sector during the cecession. In addition to meeting their
recruitment goals, the services have been able to raise their enlistment standards so that, in
1983, 90 percent of all enlistees had high school diplomas, up from 69 percent in 1980. With
the quickening of the economy in 1984, however, the military is again experiencing dificulties
meeting their recruiting objectives, and the long-term outlook is clouded by projections that the
yearly number of male high school graduates will fall by about 9 percent between 1984 and
1990 (National Center for Education Statistics, 1984). To meet their recruiting goals over the
next several years, the military will have to increase its “take® from this group in the face of
greater competition from the civilian sector.

A number of responses to these problems have been suggested, including a return to the
peacetime draft or some other form of mandatory service. Some soek across-the-board pay
increases to stimulate enlistment and retention, Others suggest measures more readily targeted
1o populations of particular interest (high-quality enlistees in hard-to-fll speciaities). Indicative
of the services’ attempts to And better recruiting strategies, several controlled experiments have
been conducted since 1978 to test the attractiveness of various proposed enlistment incentives.

Analyses of the many proposals for "solving® the problems of the AVF have concentrated on
the effects on recruiting and retention and on the monetary costs (Congressional Budget Office,
1980; U.S. Department of Defense, 1980). Little attcntion has been paid to the less obvious
costs to the services—costs in years of service, changes in experience levels of the force, and
potential losses in productivity among the enlisted force.

Besides force sizes and experience levels, there are other issues which need to be addressed
in evaluating the effects of enlistment incentives. Changes in experience levels entail changes in
compensation levels, because personnel in a more senior force are paid more on average.
However, a more junior force, with higher turnover, has higher training costs, and productivity
differences offset pay diiferences, to some degree.

These ideas can be illustrated with a series of examples which retain the salient features of
more detailed manpower planning models but lend themselves to easy interpretation. The
figures and examples are based on the author's analysis of the force structure implications of
enlistment incentives offered during the Multiple Option Recruiting Experiment (Haggsirom
ctal, 1981). For purposes of illustration, let us suppose each year's cohort of enlistees is
inducted simultaneously, and that the term of enlistment and reenlistment is three years,

If we graph, for a single cohort, the number of enlistees remaining in the service against
time in years since induction, the resulting plot would resemble Figure 1. There are major
drops in the cohort sizc at the reenlisiment points. Between them, there are gradual, continuous

declines corresponding 1o losses from attrition. This example will be referred to as the
"reference case” below.
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Fig. | =Cohort size vs. time, reference case

Since the curve plots the number of enlistees against years of service, the area under the
curve measurcs total enlistee-years of service from members of the cohort. For example, the
area to the left of the first reenlistment point measures total service during the first term.
Similar'v, the remaining area measures total service in the second term and later.

Next, consider a second example, where the initial term of service is reduced to two years.
Figure 2 compares the cohort size curve for this case with that for the reference case, under the
assumption that the retention behavior of the two-year enlistees is the same as that for the
three-year enlistees. Clearly, with the same initial cohort size, the total service from the second
cohort is less than that for the reference case. In this example, the reduction is twenty-two
percent.

As a third example, an increased initial size for the second cohort would compensate for the
reduction in aggregate years of service. Figure 3 shows the same two curves as Figure 2, but
with the size of the cohort of two-year enlistees increased uniformly so that the areas under the
curves are identical. Notice the change in the distribution of experience levels: the cohort of
two-year enlistees provides a greater portion of its service at lower levels of experience. Since
salary increases with length of service, there is a reduction in costs, which is at least partially
offset by the larger cohort size.

For a final example, we consider a cohort that is initially ten percent larger than the
reference case, but has fewer recnlistments, so the cohorts are the same size in the second and
succeeding terms. This reflects the likelihood that enlistees attracted by increased post-service
educational benefits may be more likely to leave at the end of the first term to take advantage of
these benefits, along with others who might have reenlisted in the absence of the benefits
(Hosek, Fernandez, and Grissmer, 1984). Figure 4 shows this cohort size curve along with that
for the reference case. Comparing the ares under the curves, we see that although the initial
cohort may have been ten percent larger, the total service increased by just seven percent.
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Fig. 2=Cohort size vs. time, two-year enlistments

Central to this dissertation is the observation that adequate assessment of manpower policies
requires that we consider the patterns of enlistee losses from attrition and failure to reenlist. To
the extent that these patterns differ for different types of enlistees or under different
compensation schemss, enlistee counts are an inadequate measure of comparison. Our other
central observation is that variations in enlistee effectivencss and costs are as important as
variations in retention in assessing enlistee worth. Effectiveness and costs differ not only among
enlistees bul also across time in the military careers of individual enlistees.

While the examples illustrate these observations, they also reveal their own inadequacies.
Cohorts are not homogeneous collections of enlistees with identical enlistment and reenlistment
terms. propensities Lo reenlist, opportunities in the civilian sector, and so forth. Also, the
measures used—cohort sizes and aggregate years of service—inadequately capture the
differences in the naturc of service provided.

This dissertation provides methodologies which permit moving beyond simple counts of
enlistinents and reenlistments to measures of the short- and long-term costs and benefits
accruing from policies designed to stimulate accessions and retention. They provide a common
basis by which disparate measures—increases in enlistments under a set of incentives, bonus
elasticities for reenlistments, and so forth—can be compared. The statistical nature of these
technigues recognizes the randomness in the attrition and reenlistment behavior of individual
enlistees.

This mecthodology differs from other work on retention in the military which attempts to
mode! individual atreition and reenlistment decisions (W arner, 1979, Chow and Polich, 1980;
Gotz and McCall, 1980): instead. this work focuses on aggregate measures of cohorts that
reflect force size, retention behavior, and composition. While it allows assessment of force-wide
effects. it enlarges on models of force composition (Petruzzi, Broider, and Collins, i980; Collins,
Gass, and Rosendahl, 1983) by explicitly including a model of retention.
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Fig. 3=Cohort size vs. time, two-year enlistments,
aggregate service identical to reference case

We lay the groundwork for this development by reviewing, in Section I, some features
common to many aggregate manpower models. These models divide the enlisted force at any
given time into groups of enlistces; over time enlistees move from one group to another and
eventually leave the force, while others enter. The transition rates (at which enlistees move
between groups) are the focal points of these models.

Section 111 introduces the retention function, which is the centerpiece of our methodology.
The cohort size curves from our examples describe the length of service of all the members of
the cohort; the retention function describes the (random) length of service of an individual
enlistee. As such, it is analogous to the "survival function” in biostatistics and the “reliability
function® in reliability theory. Although the retention function focuses on the individual
enlistee, it ultimately improves our ability to examine force-wide effects of changes in individual
behavior.

Section 1V shows how the retention function can be used to measure the effects of varying
patterns of enlistee retention. In our examples above, we measured the aggregate service of a
cohort as the area under the cohort size curve. Similar results can be derived from the retention
function., The area under the curve gives the expecied length of service of an enlistee, and the
retention function can be used to derive other, more interesting measuses (e.g.. expected
compensation).

To make policy decisions we must compare not only these “individual effects” but also the
“aggregate effects” of particular retention functions on groups of enlistees. Force size and
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Fig. 4=Cohort size vs. time, increased enlistments
with decreased first-term reenlistment

composition, experience levels, and so forth are the measures needed to judge the effectiveness of
manpower policies. The retention function allows us to develop a rich set of measures for
assessing long-term effects of manpower policies that might change enlistment and rotention
behavior. Over the long term, aggregate measures depend directly and indirectly on countless
external factors—enlistments, rmilitary manpower policies, civilian labor and educational
opportunities, and so forth. To even begin to be able to separate oui the long-term effects of
retention behavior, we utter the economist's benediction “ceteris paribus” and assume external
factors are unchanging over time. This is not a critical restriction, as we do not intend that our
models be used for precise forecasts of manpower trends decades into the future. Rather, they
are used 10 compare alternatives under limited conditions, and perhaps check the sensitivity of
the results to these conditions.

The shert-term effects of such changes critically depend on the initial conditions (force
composition, etc.) and are best assessed with aggregate force modcls of the type described in
Section 1I.  Doing so requires estimates of the transition rates between categories, and as
suggested above, we show in Section IV how the retention function can provide them.

Section V provides an example of the application of these techniques, based on recent Army
continuation data. This section is not a thorough policy analysis: it is intended only as a
(relatively ¢asily understood) numerical example. Because of this, simplifying assumptions are
made which are artifacts of the example and should not be taken to be part of the methodology.

Section V1 explores some of the problems of measuring enlistee effectiveness. We show how
measures developed by the Enlisted Utilization Survey (Gay and Albrecht, 1979) can be used to
assess force effectiveness under different retention patterns. Albrecht (1979) previously modeled

‘e v e e e e -
IS



3
3
‘
.
-
--
)
o
o
-
.

this data in the framework of the "production function” from the economic theory of the firm.
Taking another tack, Haggstrom, Chow. and Gay (1984) applied the theory of "learning curves”
from the psychology literature. We show how these approaches can be combined to model
growth in effectiveness over the term of service, which can then be used with the retention
function 10 measure aggregate effectivencss.

Finally, Section VII shows how we can apply these results to analyses of military manpower
policy. Given suitable measures of costs and benefits, the methodology of Section IV allows us
to assess expected costs and benefits. The effectiveness measures thus provide the remaining
elements needed for assessment of longsterm benefits.
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Il. MODELING AGGREGATE ENLISTEE RETENTION

In this section, we discuss the characteristics common to many aggregate models of the
enlisted force. Doing so provides a feamework for the methodology we develop in later sections,
allowing us to relate it to current manpower models. Moreover, we show how that methodology
can be used to improve the performance of the current models. We begin this section with a
discussion of the general representation of the enlisted force as a system of stocks of enlistees
and flows between these stocks. We then define the important concept of the continuation rate
in terms of this representation, and describe briefly the problems involved in using past data to
project future continuation rates for use in models of the enlisted force.

Stecks and Flows

Most military personnel planning models treat the enlisted force as "a system of stocks and
flows,” in the terminology of Bartholomew and Forbes (1979). To do this, the enlisted force is
divided into categories based on attributes of interest, such as grade and length of service. At
any time, the numbers of enlistess within categories are the stocks at that time. Over any
interval of time, there are movements between categories; their magnitudes constitute the flows
over the time period. The ratios of the flows to the initial stocks give the flow rates from
category to category. Over time, the magnitudes of the stocks and flows may change; hance the
dynamic nature of the system.

Flows are usually identified as stochastic or as deterministic, although the reality is usually
somewhere between thess two extremes. For example, when enlistess are categorized by grade,
flows between grades are more or less controlled by military policy. and are largsly
deterministic. On the other hand, flows betwesn the enlisted force and the civilian population
(in both directions) result from thousands of individual choices and are in a largs measure
stochastic.

In this paper we focus our attention on issues involved in modsling retention, suppressing
details involving grade progression, and thus trcat flows as stochastic. This is of courss a >
simplification, since reenlistment decisions can be affected by promotion opportunities and the _'.1
like. However, we do not model the process whereby an enlistee makes his or her retenticn '.“,3
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decisions, but instead trest the aggregate of these decisions as a random process.

Because our interest is in retention, and retention behavior varies with length of servics, any
categorization of enlistees includes length of service. Commonly, service is measuced in full
years, comdining into a single category, for example, all service of at least four years, but not
more than five years.

An arbitrary system of stocks and flows Is subject 10 a pair of identities fundamental to
modeling the system. First developing them in full generality, we introduce notstion for
describing stocks and flows. Let n(/, 1) be the stock in category / at time 1. Let M (i, j, 1) be
the Rlow (movement) from the stock in category / at time ¢ into the stock in category / at time
t + 1. Similarly, let d(/, 1) be the Alow out of the system from the stock in category / at time ¢
(departures), and a (¢, 1) the Aow into the stock in category i at time 1 from outside the system
(accessions). The flows are nonnegative by definition; they are not in any sense net, since they
are between successive times as well as categories. Now the stock in each category / at any
time ¢ is given by the equations
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nGi, 1) = Z MG, it =1) +ali,t)
nl )= MU, J.0+dG, 1)

which amount to saying that everyone comes from somewhere and goes somewhere.

Deferring briefly consideratior. of any categorization beyond length of service, we oblain a
particularly simple structure for these identities. Let category m consist of those enlistees with
m full years of service, for m = 0,1, 2, -+ - . Note that when k »# m + 1|, M(m, k, 1) = 0
in one year's time an enlistee gains one year of service or leaves the force. Also, since the bulk
of recruitment consists of non-prior service enlistees, accessions are negligible for categories
m > 0. Adopting the simplifying assumption that for m > G, accessions a(m, ) = 0, the
identities above become

nm, ) antm—=1,t=1)=-dm=1,1t=1) (.1
n{0,t) = a(0, 1)
Continuation Rates

Military manpower planning models of the sort described above usually focus, not on flows,
but rather on flow rates, which in this context are called continuation rates. We define the
continuation rate as the [raction of those enlistees in the service at time t who do not depart
from the service through time ¢ + 1. Extending the notation of the previous section, ¢ (m, t),
the continuation rate for enlistees with m years of service at time ¢, is given by

nlm, 1) =d(m, t)

cim, ) m
n(n,t)
which, taken with (I1.1) above, yields
nim+Lt+)melmt) xnim,t) . (1.2)

Thus, the continua  rates serve as linkages between the stocks in successive periods.

We should note that other definitions of "continuation rate” are also found in the military
manpower literature. For example, Warner (1979, p. 10) refers to continuation rates for
enlistees over a given year of their service: from service anniversary 1o service anniversary. A
typical continuation rate in his work would be the fraction of enlistees reaching their second
anniversary (in some time frame) who remain in the service through their third anniversary.
Our definition instead runs from calendar year to calendar year (or fiscal year to fiscal year). A
typical continuation rate in this case is the fraction of enlistees at or beyond their second
anniversary (but not yet to their third) at the start of a year who remain in the service at the
end of the year. This definition conforms to that used in the Defense Manpower Date Center
(1980) tabulations to which we apply our modeling eflort.

Continuation rates ere affected by enlistee characteristics and external factors, Typical
enlistee characteristics of interest include ability, education, grade, and, as always, length of
service.  Wr continue to focus on retention and length of service, ignoring grade and grade
progression. Enlistee characteristics other than length of service are considered to be
unchanging over time. Thus, this year's high school graduate with six years of service came
from last year's stock of graduates with five years of service, again disregarding the negligible
relurns to service. External factors include armed services compensation and manpower policies
and general economic conditions. These are often subsumed into “time* ("continuation rates are
decreasing over time ..") as there is a relative lack of information from controlled
circumstances which would allow the disentangiement of the effects of the other external faclors
from each other. Recognizing this, and the use to which we put this model, we too consider
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time as the sole external factor.

At this point we expand our notation to include enlistee characteristics. Let the vector x
represent the fixed enlistee characteristics other than length of scrvice, and let N(m, x, ) be
the stock of enlistees at time ¢ with characteristics x and m years of service at that time. Then

N(m+l.x4'+l)
Nim, x,1)

gives the continuation rate over the period {1, # + 1] for enlistees with characteristics x and m
years of service at time /.

Although we have defined a continuation rate which can conceivably depend on a large
number of enlistee characteristics, in typical military manpower planning models such as
ASCAR (Petruzzi and Broider, 1980) this is not done. Instead, continuation rates are defined
for relatively homogeneous groups of enlistees, formed by stratifying the enlistee population on
the basis of their characteristi. .. In this case, the vector of enlistee characteristics can be
simply an indicator of membership in a particular stratum. To assure that the bases for the
rates are reasonably large, generally only a small number of characteristics can be used to
define the strata. For any stratum, administrative records for a recent period yield observed
values of the continuation rate over that period.

When there is variation in retention behavior for enlistees of differing characteristics, and
this is not reflected in the stratifying variables, the observed continuation rates may not
accurately project continuation rates under different force composition. For example, enlistees
coming to a reenlistment point during the year have lower continuation rates than those with
more than a year of service remaining. An increase in the proportion of two-year enlistees
lowers observed continuation rates for groups of enlistees in their second year of service, while
raising the rates for those in their third year. If stratification does not include "coming to a
reenlistment point during the year," the change in enlistment patterns is not reflected in the
projected continuation rates,

The dependence of continuation rates on time is often sidestepped. While past continuation
rates have been observed, future continuation rates must be forecast from historical dats. The
simplest procedure is to assume that the rates do not chunge over the time frame of interest,
perhaps by assuming that the external factors which influence continuation rates remain
unchanged. For ASCAR, "[iln most cases these factors represent historical rates obtained
Jrom Defense Manpower Data Center (DMDC); however, the analyst can replace the historical
data to reflect new assumptions” (Petruzzi and Broider, 1980, p. 3-15, emphasis theirs).

Although the discussion in this section has treated continuation rates as though they are
deterministic, we saw pbove that the flows on which they are based are stochastic. Thus,
N(m + 1, x.t + 1), the stock of enlistees at time ¢ + 1 with m + | years of service and
characteristics x, follows a binomial distribution with parameters N(m, x, ¢) and p(m, x, ).
The parameter of interest is p(m, x, 1), the expected continuation rate, or the probability an
individual selected at random from the N (m, x, ) enlistees with characteristics x and m years
of service at time / remains in the service at least one more year.

The link between the deterministic and stochastic models is that the observed continuation
rute C'(m, x. 1) 's an estimate of the expected continuation rate p(m, x. 1), and if no further
distributional ussumptions are maae. it is an unbiased estimate, However, adding a stochastic
element to the observed continuaticn rates also adds uncertainty to models using them as
estimates of future continuation rates. In this framework, we assume the expected continuation
rate p(m, x,1) does noc change over time. so p(m, x.t) = p(m, x, ty) for t >ty The
observed continuation rate C(m, x, 1) for the period [to. to+ 1] is then an estimate of
p(m. x,1). the expected continuation rate over some future period (¢, ¢ + 1], and thus is a

Clm,x,1) =
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‘ forecast of C(m, x, t), the continuation rate which will be observed over that period.
. In the stochastic framework, cach level of atratification of enlistee characteristics reduces the
2 statistical precision of the observed continuation rates as estimates of the expected continuation
_*.I rates, This is because the variance of the observed continuation rate C(m, x, fo) increases as
the stratum size N (m, x, ty) decreases. Thus, & fine stratification which insures applicability of
- the estimates for different force compositions also reduces their individual precision.
. Summary
- In this section we have reviewed the basis of aggregate models of the enlisted force and
f-"; shown how continuation rates form an important part of these models. In subsequent sections
o we further discuss the stochastic nature of enlistee service, developing a methodology for
- assessing it which can also improve our ability to project future continuation rates.
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III. MODELING INDIVIDUAL ENLISTEE RETENTION

This section establishes the basis for a parametric model of eplistee retention. Earlier
sections considered the behavior of enlistees in the aggregate. We now focus on the behavior of
individual enlistees, exploring the stochastic nature of individual behavior, and developing a
reterition function to describe the (random) length of time an enlistee spends in the service. The
retention function is related to the cchort size curve of Section I, but will prove a more useful
concept to work with. In subsequent sections we show how this model of individual behavior
can improve the model of aggregate bohavior developed in Section II.

Laugth of Service

The stochastic flows and continuation rates of the preceding section aris¢ as a consequence of
the stochastic nature of individual enlistee behavior. Roenlittment and attrition decisions are
made individually by the enlistees, in response to individual circumstances. The aggregation of
these individual decisions yields the continuation rates, and the uncertainty in the individual
decisions yiclds the uncertainty in the aggregate bshavior.

To model individual hehavior, we treat the total time an enlistee spends in the service as a
random variable. Like a group's continuation rate, the time an individual enlistes spends in the
service is affected by personal characteristics and external factors, but we defer discussion of
these until later in this section.

Since an enlistes's length of service is randoin, we describe its distribution with the retention
Junction, whoss argument is length of service snd whose value is the probability the enlistee
serves that long or longer. Formally, if the random variable S is an enlistee's actual length of
service, then we define the retention function by

R(s) m pPr(S » s) ()

for any length of service s » 0. Suppcse, for example, that an enlistes has an initial enlistment
term of three years, with three-year reenlistment terma thereafter. In this case, R(3) is the
probability the enlistee completer his or her initial term of service, and R(6) is the probability
the enlistee completes the second term. Also, R(3) ~ R(C) = Pr{3 € S < 6} is the
probability the enlistee completes at least the first term, but not the second. Finally, for this
example, R(6)/R(3) = Pr(S > 6|S » 3} is the conditional probability that, if the enlistee
completes the first term, then he or che will complete a second term as well.

A graph of the retention function will resemble Figure S, whers a retention function is
plotted against length of service. The curve starts at | and declines monotonically to O as length
of service increases. At the reenlistment points there are discontinuities in the retention
function, corresponding to possible failure to reenlist. Between reenlistment points, there are
gradual, continuous declines in the curve, corresponding to possible attrition from the service.

The resemblance of the plot of the retention function in Figure 3 to the cohort size cutve of
Figure | is not coincidental. Consider a cohort of N enlistees, each having the same retention
function and reenlistment points. Then, for any length of service s, a randomly selected enlistee
has probability R(s) of remaining in the service that long or longer. The cohort size alter s
years of service is a binomial random variable whose expected value is NR(s). Thus, the
expected cohort size is proportional to the retention function of the enlistees in the cohort.
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The Retentlon Function
W
We next define a parametric representation of the retention function. The form we use is ™
: not the only possibility. It has some theoretical justification and it fits the data at hand .
: reasonably well. For these reasons, it is adequate for the expository purposes of this discussion. :‘ .
y It is not, however, crucial 1o the development of the methodology that this particular .f-:.
. representation of the retention function be used. e
. The retention function depends on the timing of the reenlistment points, which we treat as
fixed for an individual enlistee, although different enlistees may have different reenlistment
) points. We denote the reenlistment points for an enlistee by e, €3, - - -, as shown in Figure 5. : n
' A retention function such as that in Figure § can be modeled as the product of a continuous ol
function describing attrition and a step function, constant between reenlistment points. fj:-:
describing failure to reenlist. We write
R(s) = R,(s) x Rg(s) (111.2a) e

and discuss each factor separately below.

Our cxamination of attrition data lcads us to posit that (1) attrition is decreasingly likely as
the length of service increases and (2) the pattern of attrition losses changes substantially at the
end of the first term o[ service. We have used a function of the form




(1+88)" fogs e

Ra(s) = a(l +88)" ils > ¢

(111.2b)

to model the attrition process. This function consists of two segments—one for attrition during
the first term, the other for the second and succeeding terms=with a common form but different
purameters. The factor « is chosen to ensure that R, (s) is continuous across the two segments.
(Recall that discontinuities in the retention function correspond to reenlistment points.)

Equating the two expressions in (I11.2b) at s = ¢, and solving yields

- ] +ﬁ|l|)-a' .
(1 + Bye))™

In (I11.2b), the factors of the form (1 + Bs)™® arise from considering length of service until
attrition as following a Pareto Type 11 distribution. This distribution has been used elsewhere in
manpower planning and reliabllity models (Bartholomew and Forbes, 1979, p. 49.50; Mann,
Schafer, and Singpurwalla, 1974, p. 146-47). It has the property that the attrition rate declines
as length of service increases, That is, of two enlistees, the one with the greater time in service
will be the less likely to leave during any period in which nelther enlistee has a reenlistment
point. By allowing the parameters a and 3 to differ between the first and succeeding terms of
service, we capture the change in attrition behavior which is observed to occur after the first
term of service,

Reenlistment data show that reenlistment rates after the third and succeeding terms of
service rise amoothly with increasing length of service. This continues until 20 years=the
earliest point at which retirement benefits are available—=after which point reenlistment drops
sharply. Rather than model reenlistment rates beyond that point, we instead set the retention
function R(s) = O for length of service s > 20, disregarding the small likelihood of service
much beyond 20 years. We model the reenlistment process with a function of the form

(111.2¢)

1 fors € ¢,
Rg(s) = { [I/=) o1 forese) < s € ey, 8 €20 (111.2d)
0 for s > 20

where each p, is the expected reenlistment rate at the end of the /-th term of service, so
0 € p, € | foralli. After the third and succeeding terms, we assume that

pi= (1 +expl=y=28¢))" fori=34, - . (111.2¢)

This is a logistic function of ¢, the length of service at the time of reenlistment, rather than of
the particular term of enlistment /. It is a smooth function which (for positive values of the
parameter &) increases asymptotically to | for increasing length of service ¢;, again consistent
with historical results.

The form for the retention function given in equations (111.2) ensures that it is characterized
by the cight parameter values for any set of reenlistinent points. That is, the retention functions
of two otherwise identical enlistees facing different enlisiment and reenlistment terms should
have identical values for the parameters ay, 8y, a; 83, p1. P2 v, and 8. Anticlpating our
applications in subsequent sections. this means that parameters estimated f{or one set of
reenlistment points will apply for others. Although we present simple examples based on fixed
three-yeur reenlistment terms, nothing in our methodology requires this. Also, data for enlistees
with various enlistment and reenlistment terms can be combined to estimate these parameters.
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The timing of reenlistment points is the only enlistee characteristic we treat explicitly. We

N handle the dependence of the retention function on other enlistee characteristics by allowing

S separate values of the parameters for each combination of enlistee characteristics. Such >
":'. stratification is not the only possibility. With appropriate data, we could fit models which :
::“ postulate a relationship between the parameter values for various combinations of enlistee :

characteristics. This would to some extent alleviate the imprecision inherent in estimating
parameters for small strata, by allowing their estimates to be based in part on data from the
larger strata.
. We have not treated the dependence of the retention function on external factors. Data on
b retention under different external conditions (e.g., wage and unemployment rates in the civilian
R sector, reenlistment rates with and without bonuses) could allow models in which the parameters
depend on these factors, at the simplest, by stratifying on external factors as well as enlistee
characteristics. Alternatively, data on retention under different conditions may be lacking, but
past experience in similar situations, theory, assumptions, guesswork, or whatever, may allow
o= postulation of the nature of the effects, relative to conditions for which data does exist. For
> example, economic theory may predict the elasticities of reenlistment rates with respect to the
size of a reenlistment bonus. Then given a retention function describing reenlistment in the
absence of a bonus, the hypothesized elasticities could be used to adjust the reenlistment rate
portion Rg(s) of the retention function to reflect the effects of any particular bonus. Another
example might be changes in retention stemming from changes in the term of the initial
enlistment. Attrition under a two-year initial enlistment may be less likely than under a three-
year enlistment, i enlistees are more likely to "tough it out® for the shorter period. Or, il the
additional enlistees attracted by a (wo-year term are less motivated to serve in general, attrition
may be more likely, and reenlistment less likely, than for three-year enlistees. If such
possibilities are deemed important, then “length of initial commitment® is an external factor
‘:‘ which should be considered in the retention function, by changing the attrition portion R, (s) of
: the retention function for three-year enlistees, as well as the first term reenlistment rate p,.
Expanding our representation to include other enlistee characteristics and external factors
would move our model towards a synthesis with other approaches to modeling enlistee retention
(Warner, 1979; Chow and Polich, 1980; Gotz and McCall, 1980). These techniques involve
“individual choice models” which describe the probability an enlistee reenlists, for example, as a
function of his or her characteristics and external factors. They can be viewed as describing .
separate points on the retention function, which our model attempts to describe over its entire -
range.
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Summary

v There are two major results in this section. First, we have expounded a methodology, using
. the concent of the retention function, which allows us to parametrically model enlistee retention.
To the degree that the model of the retention function reflects attrition and reenlistment
patterns, estimates of fulure retention will be more accurate than would be the case without a -
model. Second, we have developed a particular parameterization which we use in the remainder -
' of this we-k, renlizing that although it is adequate for our purposes, other parameterizations are
v possible.
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1V, MEASURING RETENTION’S EFFECTS

In this section, we explore use of the retention function as a tool to improve our
understanding of the effects, both permanent and transitory, of changed force structure and
patterns of attrition and reenlistment behavior. The retention function is shown to be of interest
in its own right, providing derived measures which allow assessment of the long-term effects.
Also, our model of the (individual) retention function yields a corresponding model of the
(aggregate) continuation rates. These continuation rates can then be used to model the short-
term effects: to show how, for example, the current force might evolve over time under varying
conditions, Thus, the individual and aggregate models developed in the previous sections are
shown to be related to each other.

Long-Term Effects

If a manpower system were to operate in unchanged circumstances for a number of years,
one would expect that measures of its performance—force size, costs, offectiveness, etc.—would
attain, after an initial period of some change, a certain degree of stability. Under these
conditions of stability, we refer to the performance measures as the long-term effects of the
policies and conditions governing the manpower system. In other circumstances, they are often
referred to as "steady-state” results, but that has a technical connotation which we will avoid
here.

The retention function is the key to evaluating long-term effects of certain manpower
policies, as will be shown in the following paragraphs. Several useful measures of enlistee
behavior can be calculated from the retention function, including expected length of service and
the probability that a randomly selected enlistee will serve at least 20 years. Such simple
measures are of limited interest for policy analysis, however, As indicated in Section !,
variations in enlistee costs and effectiveness are crucial to assessing the effects of changes in
force composition and retention.

We turn our attention to functions of length of service, such as total wages or total
posttraining service, and develop a methodology which will utilize this information. Suppose
g(s) is such a function: for example, g(s) might be total wages paid througn s years of
service. We cull g(s) a cumulative response (through s years of service). If (s) is
differcntiable, we cull g'(s) the response (at s years of service); it gives the ~ate of growth of
g(s). In particular, if g{(s) is tot: ' wages. 2'(s) is the wage rate (on a yearly basis) ufter s
vears of service.

Given such u cumulative response function, it is naturi! to consider evaluating it over an
enlstec’s entire term of service. I S is the length of service for a give cnlistee, g(S) gives the
career response for that enlistee—e g., totul wages paid during the mulitary career. Recalling
that leagth of service S is random, the career responsc g(S) is also random. A measure of
interest is the expected career response, given by

Elg(S)) = f gls)dbsis)
{0.7]

where T is some length of time greater than the longest time that an enlistee can serve. We
show in Appendix A.1 that when g (s) is differentiable the expected carcer response is given by

T
Elg(S)) = fo R(s)g'(s)ds av.n

which 15 o simple Riemann integral.
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A well-known corollary of this result is that the expected length of service is given by the

area under the retention function. This follows from considering the cumulative response )
function g(s) = s, with a corresponding response function g'(s) = | (one year of service )
., accumulated for every year in the service). Then the expected length of service is
y T
3 Els)= [ RG)ds . &

More generally, for a fixed initial length of service 5o we can define g(s. so) as 0 when ¢ < 5

" and s — 5o when s » sq. For example, g(s, 0.5) measures total service exclusive of the initial

g six months of basic training. This cumulative response function corresponds to the response 3

" function g'(s) = 1 for s @ 5o (one year of service accumulated for every year in the service .

- after an initial 5o years). For this function, the expected career response E(g(S, o)) =
[ 3

L oR(s)ds. so expected service beyond s = s5q is the urea under the retention function to the

. right of sq.

’ These measures allow us to evaluate the long-term effects of changes in retention behavior or :
differences in retention patterns across subpopulations of enlistees. For example, we can :

3 compare lotal service, or perhaps more iniportantly experienced service, from enlistees .

. characterized by different retention functions~such as two-year vs. three.year initial 4

enlistments, or with different first.term reenlistment rates. ¢

N The final step in modeling long-term effects is to combine the measures for individual '-'_;-.

: ' enlistees into an assessment for the force as a whole. Doing so requires that we incorporate '-

information about the numbers of enlistees with various characteristics. '

X To measure long-term aggregate effects, we consider a forse of enlistees with certain
characteristics. First. enlistees are not assumed to be homogenevus with respect to their
retention functions. Instead, we assume there are a number of categories of enlistees, that
enlistees do not move between categories over time, and that within each category the enlistees
share a common retention function. Let R;(s) denote the retention function for enlistees in th -
{-th category. Also, let us assume that, within each category, accessions are assumed to follow
a homogeneous Poisson process, with a mean annual rate of N, for the (-th category. For a o
detailed discussion of the implications of this assumption, see Parzen *.962). Intuitively the
Poisson assumption means that accessions occur completely randomly over tiine. The

) homogeneity assumption implies that the expected number of accessions over a :.me interval of

. fixed length is unchanging over time. This assumption can be rr'axed, yiei'ing results

) analogous to. but not as simple as, those described below. Under the above nair of assuiaptions,
the aggregate measures (force composition, experience levels, (raining expenses, effectiveness,
wage and benefits costs, etc.) we compute will all represe it long-tarm (i.e., stable) e ects of the
assumed accession and retention behavior.

For such a force, the expected number of enlistees in category ¢ at uny point in time is the
product of the category's accession rate N, and the expected length of service of itsa members,
j; R,(s)ds. More generally, the expected number with more than s, vears of experience is the
prqduct of the accession ratz N, and the expected amount ol service beyond s, years,
f'o R;(s)ds. Thus, for example, expected force size and career content are easily determined
for each category / of enlistee, if the retention functions R; are known, -

These results follow from a more general theorem, discussed in detail in Appendix A.2 The
statement of the theorem revolves around consideration of an aggregate response for the en ire
category, analogous to the response defined for individual enlistees above. Suppose s, (1) is the —_—
length of service as of time ¢ of each of the enlist~es (indexed by /) in category i. Consider a .
cumulative response g, (s) (e.g.. total wages) common tn all enlistees in category i. To this
corresponds the response g,'(s) (the yearly wage rate) for an enlistee in category i with s years
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of service. We then define the aggregate response G;'(1) (the tota: yearly wage rate al time ¢
for all members of category i) as 3 g,/'(s,,(r)). The thzorem in Appendix A.2 states that the
expecled aggregate response is the product of the accession rate and the expected career
response:

EIG, (1)) = N,E[g(S)] . (Iv.2)

The results in the previous paragraph follow from consideration of a particular response function
g '(s.50) = | fors 3 so.

This result, then, provides the technique needed to model the long-term aggregate effects of
various accession and retention behaviors. For a variety of response funct.ons—wages, training
costs, post-service benefit entitlements, cflectiveness—we can calculste the expected career
response within each category using (1V.1), then the expected aggregate response for each
category using (IV.2), and then sum these across all categorics to obtain an expected aggregate
response for tire force as a whole.

We can also use these results to derive an expression {or the turnover rate, a common
measure of force stability. While Bartholomew and Forbes (1979 cite various definitions, the
central concept is that of a ratio of losses to force size. For the long term, the expected nunber
of enlistees in category / is unchanging, so losses must be balanced by accessions. We thus will
define the longs-term turnover rate for enlistees in category i/ as the ratio of expected annual
accegsions to the expected number of these enlistees. From the results above, this reduces to
l/f R,(s)ds which is the inverse of the expected length of service (or enlistees in category /.
Thus. a three-year expected length of service corresponds to a 33% turnover rate; six years, to
17%. Doubling *he expected length of service halves the turnover rate, with concomitant
implications for accessions and training costs. We should note that the turnover rate can be
defined and derived more rigorously using results from renewal theory (Parzen, 1962), but the
above is adequate for the purposes of this treatment.

Continuation Rates and the Retention Function

We next explore the relationship between our models of individual behavior, embodied in the
retention function, and of aggregate behavior, characterized by stocks, Aows, and continuation
rates. It will now be shown that the retention function can be used to derive expected
continuation rates for stocks of enlistees. Given the similarity between the two concepts, this
result should come as no surprise. It is important, though, in that the stock and flow model is
the basis for the asscssment of short-term aggregate effects.

The expected continuation rate for a group of enlistces with a common retention function
and coinmon number of (full) years uf service m can be expressed in terms of the retention
function. We define §(s) as the probability an enlistee with s years of service remains in the
service at least one more year, and note that

Pr S2s+ 1)

pris > s)
This would be. by definition, the expected continuation rate for a group of such enlistees, except
tha. we group enlistees by full years of service m rather than by exact length of service s.
Using (111.1), this can be rewritten in terms of the common retention function R(s) as

Ris +1)
R (s)

ps) =

ps) =

Next, recall from Section 11 that the expected continuation rate for a group of enlistees with m
full years of service gives the probaihity an individual selected at random from the group will
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v remain in service at least one more year. 1t is thus a weighted average of the continuation .
. probabilities 3 (s) for values of length of service s between m and m + | years, with weights X
) reflecting the relative frequencies of these lengths of service. However, there is little loss in 5
'.“ making some simplification, such as assuming that the weighting is uniform over the interval X
> [m, m + 1) or, as we do below, assuming it to be concentrated in the middle of the interval at D
. m + 0.5, so that u]
‘ 1
: Rim + 1.5) v
- (m) mgim +0.5) = ———eeiee .
;": p p R (m - 0.5) "J
b . , L . ' ¢
v We next incorporate enlistee charucteristics and external factors directly into the expected

-
(At

continuation rate. Since the retention function depends on them, it is clear that the
contiruation probability F(s) must be a function of enlistec characteristics x. [n defining
continuation rates we subsumed external factors into "time," so we do the same with the
retention function. We designatc this retention function by R(s, x, ¢). It is interpreted as

Ll o
el

descriving the (necessarily hypothetical) distribution of the length of service of an enlistee with N

charecteristics x subject to unchanging exturnal factors identical to those at time r over the .

entire term of service, Corresponding to this is the continuation probability .ﬁ
Ris+1.x,0)

. D ———— V. -

pls.x,1) RG 20 (1v.3) ':':3

which gives the probability an enlistee with characteristics x and s years of service at time ¢ ‘j

remains in the service one more year. ;i.

Combining the above, we can represent p(m, x, ), which from Section II is the expected L-‘

continuation rate for enlistecs witk characteristics x and m years of service, at time ¢, in terms -

of the retention fuirction R(s, x,¢). Assuming that all enlistees with between m and a1 + | o

years of service have exactly m + 0.5 yzars leads to :

R(m + 1.5, x,1) b

1 ' g + ~5\ [} - : L v- ' "

plm,x, 1) »g(m + 0.5, x,1) Rm + 05 x 1) (Iv.49) -

Equations (A.1) of Appendix A.3 apply the representation of the retention function given in ~

(111.2) to equation (1V.3) for the continuation probability. Combining (A.1) with (fV.4) then :',4

completes the process of parameterizing the expected continuation rutes. The expected
continuation rates p(m, x. 1) are thus a function of just eight parameters a,, 3,, oy, p3. ay B,
s, and 8, for a given x and ¢. Further, continuation rates at the end of the third and sucreeding
terms of service depend only on the last four of these parameters. We huave augmented the
relatively thin data on attrition and reenlistment among enlistees with this length of service by -
adding a parametric model which embodies our knowledge and assumptions about this process.
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Short-Term Effects

We turn our attention next to modeling the short-term (trunsitory) effects caused by changes
in force structure and retention, The long-term measures from above allow comparison of
different retention patteras independent of the initial conditions, providing un assessment of the
“ultimate” results of different policies. However, the feasibility of making a policy change 3
depends rot only on the long=term costs and bencfits but also on the ctfects of the transition

itsell. )
Tec assess these effects, we must tuke into account the initial conditions—force camposition '
and retention patterns--~as well as the ultimate conditions. To do so, we return ta the stock and -

flow model of Section Il. The expected continuation rates derived from the retention function
provide the parameters of the model, so we can find simple expressions for the stocks in
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succeeding years. Finally. given the year-by-year stocks, we need measures of the effects.
These are provided by the response function in a natural fashion.

We begin modeling short-term effects by returning to the stylized force of enlistees {rom the
carly pages of this section. As before, we assume there are a number of enlistee categories, that
an individual enlistee's category does not change over time, and that the retention function for
the i-th category of enlistees is R;(s). From each such retention function, we can deduce the
associated expected continuation rates p; (m) by the methodology of the preceding paragraphs.

Over tle short term, we are concerned with year-to-year variations in stocks within each
category resulting from varying initial stocks, accessions, and continuation rates. Similar to
what was done in Section {1, we let N, (m, t) be the number of enlistees in category / at time ¢
with m years of secvice. Also, we let 4,(r) be the number of non-prior service access.ons into
category i over the interval (1, ¢ + 1), and disregard the negligible accessions with prior service.
Given our definition of the expected continuation rate p;(m), it follows that N;(m + 1,1 + 1),
conditional on N,(m, ¢), has a binomial distribution with parameters N, (m, ¢) and p,(m).

Although a common approach is to apply Markov models (Bartholomew and Forbes, 1979)
in this situation, we will not do s0. These models have two advantages. One is that familiar
matrix notation and operations can be used to describe the process and provide an accounting
system for keeping track of stocks and flows. Second, the steady-state theory for Markov
processes is well developed. However, we have already derived steady-state characterizations for
the effects of differing enlistee retention, and the notational and computational gains of the
Markov model are no great advantage here, 30 we do not pursue this approach.

In light of the development above, we can write a set of simple expressions for the expected
stocks in any year. In particular, the binomial conditional distribution of stocks yields

EIN(m + 1,0+ D|N(m, 1)) = p(m)N,(m, 1)

and thus the expected stocks in each category / of enlistes at successive times ¢, t+1, - -, are
telated to each other by the expected continuations rates:
EINm+ 1t + D) =p (mEIN(m, 1)) (1v.%)

EING, ¢t + D)= El4,))

fort » toand m > 0.

With an expres .ion for the expected stocks in hand, we need only determine expected eflects
on a year-by-year basis. Again, g(s) is the cumulative response through s years of service.
Note that if an enlistee has 5o years of service at some point in time ¢, then over the following £
years, the cumulative response will grow from g(so) to g(sp+ ), a difference of
2(so + 1) = g(so). provided the enlistee remains in the service. For example, if g(s) is total
wages through s years, then g(3) = g(2) is the wages paid during the third year of service. We
call g(sq + 1) - g(so) the incremental response over [ years, for an enlistee with so years of
service at the beginning of the period. Now, of the N;(m, 1) enlistees in category | with m
years of service at time r. N, (m + 1,1 + 1) will remain in the service at time ¢ + 1, and
Nilm., 1) = N,(m + 1,1 + 1) will have left. We again simplily by assuming that all enlistces
with between m and m + | years of service at time ¢ have precisciy m + 0.5 years of service,
and that all enlistees whn leave the service between times ¢ and + + | do sg at ¢ + 0.5. Then
we have a full year's incremental response of g(m + 1.5) — g(m + 0.5) for those who
remained in the service, and a half year's response of g(m + 1) = g(m + 0.5) for those who
left during the year. Combining this with the expected stocks, and simplifying somewhat, we
see that the aggregate incremental response, over the year (¢, ¢ + 1) for an enlistee in category
i with m years of service is
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N, Dlgm+1)=gm+08)]1+Nm+ 1,1+ Dlgm+15~-glm+1)].
The expected value of this is
Nm, )llglm + 1) =glm +0.9) +p(m)gim + 1.5 = g(m + DI} .

This provides the key to modeling the short<term aggregate effects of various accession and
retention behaviors, Starting from a set of initial conditions, representing perhaps the "current
force,” repeated application of these relationships allows us to make year-by-year projections of
expected sto ks. We could write closed-form expressions for the expected stocks E(N,(m, 1)) in
general. In practice nothing would be gained by so doing, since we want o trace short-term
effects on a year-by-year basis. From these projections of expected stocks, we can calculste
aggregate incremental responses.

Summary

In this section, we brought together the models of individual and aggregate behavior from
the previous two sections. The result is a tool with which we can improve our ability to evaluate
long« and short-term consequences of differing retention behavior. In the next section, we shall
demonstrate this theory on a concrete example, showing how thit methodology can be applied to
available data.
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V. MODELING AN ENLISTED FORCE

This section consists of an illustrative example showing how the techniques of the preceding
three sections can be applied in a realistic setting. We begin by developing » mode! of an
enlisted force consisting of just two categories of personnel. Available tabulations of
continuation data allow us to separately fit retention functions to the two populations and to
compare their long-term characteristics. We then postulate a shift in the perceniages of the
force recruited from each population and track the short-term effects of i::e change.

A Stylized Ealisted Force

To develop a model of an enlisted force, we make a number of simplifications to avoid
becoming encumbered in the details necessary to thoroughly characterize the enlisted force.
Thus, there is no claim that this accurately represents any particular enlisted force. Instead,
our objective is 10 succinctly show the uses of the techniques from the preceding sections.

Our force consists of Army male enlisises. The impetus for this dissertation was the
author's examination of the force structure implications of a 1979 experimont testing incentives
designed to attract high-quality recruits into hard-to-All occupational specialties, many of which
were closed (0 women (Haggstrom et al,, 1981). To model the retention behavior of enlistees
recruited under different incentives, that study used Defense Manpower Data Center (1980)
tabulations of continuation data for Army enlisted personnel from fscal year 1979 (FY79),
which also provide the basic data for this work. Since data from this period contain only
limited numbers of women, and fewer still with long service, this study, like the previous one,
limits its scope to male enlistees.

We divide our force into two categories, based on educational attainment and mental
aptitude, as measured by the tests required of all applicants. High-quality enlistees generally
are those high-school graduates whose test scores placed them in the SOth percentile or above;
others~those with lower scores or nongraduates—constitute /ower-quality enlistess. Of those
non-prior service Army males enlisting in calendar year 1979, roughly 17% were high-quality
{Haggstrom ot al., 1981). Besides the high-quality and lower-quality enlistee populations, there
is a third group: those whose score disqualified them (rom enlisting. For example, in 1977 this
amounted to about 20% of those taking the test (Berryman, Bell, and Lisowski, 1983). Thus,
lower-quality should not be taken to mean ‘low-quality." Exploratory analysis showed that
retention behavior differs between graduates and nongraduates. To control for these differences,
the lower-quality category will be further subdivided into HSG lower-quality and NHS lower-
quality enlistees (graduates and nongraduates, respsctively).

Tables 1-4 give our basic continuation data for these two groups. The data do not permit us
to distinguish enlistees by term of service, so some inferences will have to be drawn. We can
compute the fraction of enlistees with any given number of years of service who face a
reenlistment point during the fiscal year. Coupling this information with knowledge of Army
enlistment and reenlistment policy leads to the plausible assumptions that enlistees with less
than four years of service are in their first term; with at least four but less than eight years are
in their second term; and that all others are in their third or later term. This is adequate for
our purposes, as the parameterization we developed in Section |11 does not require knowledge of
the precise term of service beyond the second.

We use the data in these tables to estimate the eight parameters of the retention function
separately for hiph-quality and lower-quality enlistees, and also separately for the NHS and
HSG lower-quality enlistees. It is a straightforward matter to write down the likelihood
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Table 1 {
N Hiou-QuaLITY FiscaL Year 1979 CONTINUATION RATes: N
AcTuaL v8. ExpBCTED, WITH STANDARD DEvIATIONS “:
’ With Reenlistment With no Reenlistment 3
Point During FY79 Point During FY79
; _ Continuation Rate Continuation Rate !
. Length of L
y Service Std. Std. A
(Full Years) Number Act. Exp. Dev. Number Act. Exp. Dev. -
0 . . . - 31,196 0.881 0.88) 0.002 v
1 . . . . 36,712 0920 0917 0.001 i
K 2 26,898 0222 0240 0003 18869 0936 0936 0.002 e
- 3 13873 0278 0244 0.004 12,305 0942 0.947 0.002 4
" 4 1,696 0443 0444 0012 14,371 0946 (943 0.002 .
,' L 3688 0433 0448 0008 12,375 0954 0.9352 0.002
':: 6 5,214 0427 0451 0007 11,128 0987 0938 0.002
. 7 3350 0506 0.453 0.008 7,436 0958 0963 0.002 ,::
8 1,362 0.606 0588 0013 5021 0962 0967 0.00)
o 9 1,104 0668 0.661 0014 4,935 0968 0970 0.002
v, 10 1,189 0719 0727 0.013 5622 0569 0973 0.002 ::Z
.:‘ H 931 0772 0783 0.014 3846 0972 0975 0.003 .
. 12 636 0788 0830 0.015 3144 0974 0977 0,003 N
13 414 0872 0867 0.017 2,290 0977 0978 0.003
14 359 0894 0896 0.016 2,285 0982 0980 0.003 2
. 15 214 0949 0519 0019 2320 0984 0981 0.003 .
16 309 0955 093 0.014 2,561 0989 0.982 0.003
‘Y 17 372 0952 0949 0.011 2,684 0990 0983 0.002 )
. 18 423 0972 0959 0.010 2,599 0987 0.984 0,002
2 function for the data observed, and to then use available software to maximize it numericully.
The details of this are relegated to Appendix A 4,
N The parameter estimates can then be used in equatiors (IV.3) and (A.1) to provide the .
N estimetes of the expected continuation rates given in Tables 1-4. The tables also provide -
" estimaies of the standard deviations of the continuation rates (for the number within each group
. at the start of the fiscal year). e
Generally, the observed and expected continuation rates agree quite well. The exceptions
occur for enlistees approaching a reenlistment point within the first eight years of service. This o
argues that our treatment of early reenlistment rates was too coarse. Other work, not reported ‘;

here, indicates that enlistees who choose a four-year initial term are more likely than others Lo
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Table 2 :
' Lower-QuaLity FiscaL Year 1979 CONTINUATION RaTes: ;
N ACTUAL v8. ExPECTED, WITH STANDARD DEVIATIONS 5
N ‘V
N »
: With Reenlistment With no Reenlistment i
. Point During FY79 Point During FY79 b
_ Continuation Rate Continuation Rate ;:
N Length of )
L - Service Std. Std. "
(Full Years) Number Act. Exp. Dev. Number Act. Exp. Dev. .
: 0 . . . . 67,723 0846 0842 0.001 r
.I. 1 . - . . 75,748  0.875 0884 0.001 g
- 2 44,677 0.282 0.292 0.002 19,572 0923 0909 0.002 £
f:‘ 3 8,67 0352 0.298 0.005 13,554 0936 0925 0.002 -“?
4 1,894 0514 0495 0,011 14,832 0947 0947 0.002 ’
"
N 5 3474 0482 0499 0008 10829 0953 095S 0002 -
6 3938 0484 0502 0.008 9,705 0957 0962 0.002 .
o 7 3,257 0.53) 0.508 0.009 6817 0963 0966 0.002
o 8 1,47 0657 0.638 0.013 s.138 0969 0970 0.002
r 9 1,042 0698 0.700 0014 4899 0969 0973 0.002 :
2 10 1106 0756 0755 0013 5672 0977 0975 0002 &
’ 11 1,080 0792 0.802 0.012 4,148 0974 0977 0.002 N
~:j 12 852 0798 0.841 0.013 4,091 0978 0979 0.002 o)
- 13 660 0876 0873 0.013 3489 0982 0981 0.002 .
14 561 0902 0.8399 0.01) 3778 0986 0982 0.002
15 464 0914 0919 0.013 4237 0987 0983 0.002 .
:'." 16 606 0946 0935 0.010 5,523 0.990 0984 0.002 :'
. 17 778 0.965 0948 0.008 5.182 0990 0985 0.002
18 §97 0965 0958 0.007 $.251 0989 0986 0.002
reenlist. The longer enlistment is generaily a requirement for fields with specialized training, N
and these enlistees may well be more predisposed to military service. Thus, perhaps the
) occupational speciaity chosen by the enlistee siould be included among the individual
characteristics in a more detailed study of retention.
Evaluating Retention's Effects 5

To apply the methodology of Section IV to our enlisted force, the enlistment and
reenlistment terms must be specified. Of course, the data used to estimate the parameters of
the retention functions contained enlistees serving a varicty of such terms. Since the form of
our retention function separately estimates reenlistment rates, we can choose a simple form for
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Table 3

HSG Lower-QuaLITY FISCAL YEAR 1979 CONTINUATION RaTES:
ACTUAL V8. EXPECTED, WITH STANDARD DEVIATIONS

With Reenlistment With no Reenlistment ;
) Poir* During FY79 Point During FY79 '
, Continuation Rate Continuation Rate %
Length of vl
Sarvice Std. Std. 5K
(Full Years) Number Act. Exp. Dev. Number Act. Exp. Dev. ‘:"*
0 . . . . 42387 0883 0884 0,002 o
1 . . . - 41,770 095'9 0918 0.001 }j{:
2 24,096 0308 0317 0.003 14,100 0939 0937 0002 K
k} 7,715 0356 0322 0005 10898 0945 0.948 0.002 e
R 4 1,578 0537 0513 0013 12,198 0953 095 0.002 2
=
‘ L 3004 0499 0518 0.009 9,517 0958 0959 0,002 ,::'E
X 6 3,533 0500 0.521 0.008 8,879 0962 0964 0.002 v
' 7 2,898 0554 0523 0009 6413 0964 0969 0.002 Y
8 1,35 0.668 0651 0.013 4879 0970 0972 0.002 S_
9 963 0720 0.710 0.0iS 4,654 0970 0975 0.002 —
RS
10 1,047 0760 0.762 0.013 5386 0978 0977 0.002 t:ﬁ
11 1,031 0792 0.807 0.0i2 3969 0976 0979 0,002 e
12 809 0796 0844 0.013 3936 0979 0981 0.002 )l‘:'.
13 624 0.878 0878 0.01) 3358 0982 0982 0.002 -t
14 $29 0898 0500 0.01) 3628 0986 0983 0.002 e
18 441 0916 0920 0.01) 4093 0987 0984 0.002 S
16 $82 0945 0936 0.010 5327 0989 0.985 0.002 o
17 754 0966 0948 0.008 4977 0990 0986 0.002 el
I8 861 0967 0958 0.007 5030 0989 0987 0.002 .
V.
reenlistment points without invalidating our parameter estimates. In particular, for purposes of .
this example the initial tcrm and reenlistment terms will all be three years in length. _
Tuble § compares the service churacteristics of enlistees in the force. To begin with, the o
results for NHS and HSG lower-quality enlistees demonstrate that these two groups are
dramatically different. By any of the measures shown, the NHS lower-quality enlistees provide RO
less service than the HSG lower-quality enlistees. v
We proceed to compare the two groups of greatest policy interest, high-quality and lower- 3
quality, recognizing that the latter group's results depend critically on the mix of graduates and 3
nongraduates, and that a comparison between the high-quality and HSG lower-quality groups

might be more relevant to today's enlistment environment. High-quality and lower-quality
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Tuole 4

NHS Lower-QuaLiTy FiscaL YEAR 1979 CONTINUATION RATES:
ACTUAL v§. EXPECTED, WITH STANDARD DEVIATIONS

With Reenlistment With no Reenlistment
Point During FY79 Point During FY79
‘ Continuation Rate Continuation Rate
Length of
Service Sud. Std.
(Full Years) Number Act. Exp. Dev. Number Aect. Exp. Dev.
0 . . . . 25,336 0.784 0779 0.003
1 . . . . 33978 0822 0.830 0.002
2 20,581  0.254 0.2%6 0.003 5471 0883 0861 0005
3 922 0315 0264 0013 2,656 0.897 0.883 0.006
4 319 0401 0364 0.027 2,634 0921 0913 0.008
$ 470 0374 0.369 0.022 L3112 0919 0927 0.007
: 6 405 0346 0373 0.024 826 0910 0937 0,008
; 7 359 0368 0376 0.026 404 0936 0945 0011
N 8 81 0469 0440 0.055 256 0961 095t 0014
| 9 79 0430 0.5)9 0.036 245 0963 0956 0013 ,
10 59 0678 0634 0.063 286 0951 0960 0.012 o
. 1 49 0776 0.718 0.064 179 0939 0963 0.014 -:lj
‘ 12 43 0767 0.788 0.062 155 0961 0966 0.015 :-:;
i 13 36 0833 0842 0.061 134 0978 0968 0.01$ .-
| 14 32 0969 0882 0.087 153 0987 0970 0014 "3
0y v
: 18 23 0870 0912 0.0%9 144 0986 0972 0014 e
< 16 24 0958 0933 0.051 196 0995 0974 0.011 -
- 17 24 0958 0947 0.046 205 0995 0975 0.011
] 18 36 0917 0958 0.04 221 0991 0976 0.010 -
5 enlistees both serve about 3.5 years on average. However, in the long run 66% of the lower- ’:fj
! quality enlistees in the force will be in their first term, compared to 71% of the high-quality -
v enlistees. Put another way, for the same numbers of enlistees, 17% more of the lower-quality :-‘;
:'_ group will be career (second term or later). This is despite substantially higher first term -."
' attrition for lower-quality enlistees (37% vs. 29%) since first-term reenlistment is also higher .

W

(32% vs. 26%). These differences may reflect greater civilian-sector opportunities for enlistees
who do well on the mental aptitude test.

We turn next to evaluating the short-term effects of a change, comparing two hypothetical -
situations: a “base case” and an “incentive case.” In the latter case, we assume that enlistment .
incentives increase the number of high-quality cnlistees and that a decrease in lower-quality
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Table $

ComrARriSON oF Long-TERM ServICE CHARACTBRISTICS:
THres-YBAR ENLISTMENT AND REENLISTMENT TERMS

lItem High-Quality Lower-Quality
Al HSG NHS

Expected years of service kX Y) 381 399 269
Annual turnover percentage 28.8 28.5 250 3.2
Experience levels:

percent under 2 years S0 47 4) 56

percent under 3 years T 66 62 "

percent under 4 years 76 7 68 82

percent under 10 years 92 %0 88 96
First term
attrition percentage 29 37 28 49
Reenlistment percentuge:

First term 26 32 34 30

Second term 47 52 54 40

Third term 61 66 67 46

Fourth term 80 82 82 78

keeps the total annual accession unchanged. We also assume that retention behavior iv the
same as in the base case for both groups. Starting at an initial point in time, tue eapected
stocks in succeeding years are computcd using equations (A1), (1V.4) and (IV.5) with the
retention function parameter estimates previously developed. Again, threr.year enlistment and
reenlistment terms ire assumed, and the contribuiions of those in the service before the initial
time, which wili be the same for both cases, are ignored. Furthermore, we assume that the mix
of 4SG and NHS enlistees in the lower-quality category remains unchanged over time.

Table 6 shows the results of the comparison. The first year's recruiting accounts "r 90,000
enlistees with under a year of service. (Since onr enlistment counts are hypothetical, we assume
thut these counts of enlistments are net of attrition.) After a secund year, attrition hes reduced
this to 77,010 and 78,240 in the base and incentive cases, respectively, and both cases have
another batch of 90,000 new recruits. Continuing this process for seven years, smanning two
reecnlistment points, we compulte cumulative totai enlistees in the service ut the eny of each year
under each case. The incentive rase initially provides a greater number of enlistees, but the
advantiage diminishes over time as the reduced reenlistmenis among the larcer number of high-
quality enlistees offsets their reduced attrition. By the end of the seventh yiar, the incentive
case has only 0.3% more enlistees (with six or fewer years of service) than doet the base case.
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Table 6
kL
: CompaRriSON OF SHORT-TERM SerVICE CHARACTERISTICS: o
DiFFERENT RECRUITIN® SITUATIONS, ::-;
THREB-YEAR ENLISTMENT AND REENLISTMENT TERMS i‘_:
(Number of Enlistees) .
Full Base Case Incentive Case :
Years
of High. Lower. High- Lower- N
Service Quality Quality Total Quality Quality Total .l
0 30,000 60,000 90,000 60,000 30,000 90,000 o
1 26,490 50,520 77,010 52,980 25,260 78,240 "
2 24,291 44,660 68,951 48,583 22,330 70,91} -
3 5,830 13,041 18871 11,660 6,520 18,189 . :Z
4 5521 12,063 17,584 11,042 6031 17,013 =
‘ S 5,206 11,423 16,629 10412 5712 16,124 "
g 6 2,332 5700 8,032 4,665 28,0 7515 I
N .
. Years Case Perc.ntage -
) After Incontive
Start Base Incentive Above Base
1 90,000 90,000 0.0
. 2 167,010 168,240 0.7
. k) 235961 239,153 1.4
4 254,832 257,33 1.0 .
. 5 272,416 274,406 0.7 .
6 289,045 290,530 0.5 .
- 7 297,077 298,045 03 R
Summary L
in this rectio. “ve 1ave indicated how the methodology developed tuus far can be applied to .
existins; data, allowing ¢ a'uation of alternativa furce structures. This made apparent the need "
for betier measures to = .wquately assess the effects of the mix of enlistec ypes, which will be R

addressec it the next 3.0
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L' VI. MEASURING ENLISTEE EFFECTIVENESS

This section further investigates the problems of measuring and modeling the effectiveness of
various force structures. The “service characteristics® presented in the previous section report
different aspects of the enlisted force experience mix. Measures of expected length of service,
Q career content, reenlistment rates, and so forth, reflect this concern with the experience level.
- But all of these measures simply reexpress various aspects of the retention function.

We aim to determine an "effectivencss function” giving "overall effectiveness” (however we
might define that) as a function of lengih of service. Treating this as a response functior a-d
applying the methodology of Section IV then yields an overali measure of the “effectiveness® of
an enlisted force.

We discuss the modeling of enlistee effec’iveness from two points of view, One approach
models ¢fectiveness growth over time and is based on the parameterization and estimation of
“learning curves® from the psychology literature. The other is the economist's apnroach, one
based largely on methodology falling within the “theory of the firm.* We oconclude by
combining the two approaches and show how the result can be applied to data from a survey of

N
.

enlistce effectiveness. ]

Learning Corve Models -
An enlistee's effectiveness depends on his or her experience. Career enlisted porsonnel are

widely perceived to be more effoctive (more productive, better performers) than first-term *

personnel, all clse being equal. Certainly, a new recruit is of limited utility during basic
training and subsequent occupational speciaity training, and training requires resources which
could otherwise be put directly to productive use. Furthermore, the training process does not
end with arrival at the first duty station. Explicitly or impiicitly, the Arst few months on
assigninent constitute a period of "on-the<job training” as the recruit becomes acclimated to the
work and the work environment. During this period, he or she will divert supervisory time from
more directly productive use. As the recruit gains experience, supervisory requirements
diminish, skills increase, and the recruit becomes an increasingly valuable member of the unit.

We postulate an individual effectiveness function which measures enlistos effecliveness as a
function of experience. We let v(s) represent this function, where s is, as always, the enlistee's
length of se.vice. We expect that as length of service s increases, effectiveness v(s) will
increase also, but only within some upper limit: enlistees should become more effective as they
guin experience, although their effectiveness cannot increase indefinitely. Taylor and Vineberg
(1971) choose a negative exponential form v(s) @ a = B¢ with little justification.
Haggstrom, Chow, ard Gay (1984) discuss the representation of v(s) in the context of the
literature on “learn‘ng curves.” T“c form given above is equivalent to assuming that the growth
in eTectiveness is proportional to the difference between current effectiveness and its asymptotic
maximum value. They compare a number of alternatives and choose the negative exponential
specification for their work,

Given an indivicual effectiveness function, we can use it to describe various characteristics of
enlistee behsvior. Taylor and Vineberg determine the amount of training needed for an enlistee
to reach dcceptable levels of jerformance. Haggs':om, Chow, and Gay measure total
effectiveness (which they call to'al productivity) over the initial years of service.
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Economic Modelt.

Turning our attention to a more aggregate level, we first note that a unit's effectiveness
depends on the resources it has zvailable, which we classify as labor inputs (e.g., enlistees) and
other inputs (materiel, facilities, etc.). Labor inputs in a given unit can be categorized by a
number of factors: occupational specialty and experience are the two of greatsst interest.
Within 4 given spccialty, one would expect to be able to substitute more experienced enlistees
for lass sxperienced ones. and vice versa, although not on a one-for-one basis. On the other
hand, opportunity for substitution between specialties should be much less. Certainly, when .
they are narrowly defined, occupations with different titles may be very similar. But for broad S
enough occupational groups, substitution between groups should be more difficult than between
different experience levels within the same group.

The thrust of the economic models of enlistee effectiveness is to describe the opportunity for, )
and effects of, substitution between enlistees of different experionce levels, but in the same or
similar occupational specialties. [t will greatly simplify the exposition, with no loss of generality
for the results, if we hereafter proceed as if the labor inputs to a unit consisted of enlistees from
a single such group of occupations. Let the vactor L give counts of enlistees in & unit with
various levels of experience. For example, L = (L,, Lj) could be counts of fAirst-term and career
enlistees. Alternatively, L = (Lo, L), * * ‘) could be counts of enlistess by number of years of
service. Also, let the vector C measure the levels of all nher resources available to the unit.
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Now the unit can obtain a given level of effectiveness with a variety of combinations L and C of fA
labor and other inputs. It is natural to think of a functional relatlonship expressing this, and we "
let ¥(L, C) represent this function. This is very much like the economist's production function, _:
with output measured in “effectiveness® units. N
The marginal effectiveness (ME) of any inpui tells how a change in the amount of that o8
input changes the unit's effectiveness. In particular, the marginal offectiveness of enlistees in -
the /-th experience level is given by ME, m 3V (L, C)/8L,. Thus ME can also vary with the n
composition of the labor and nonlabor inputs. hE
We postulate a labor aggregation function to measure substitutability among enlistees with b
varying experience. To do s0, we assume unit offectivencss is given by V(4(L), C) for r_i
appropriate functions Vi{a, C) and A(L). A unit's effectiveness ¥ is & function of oth(~ inputs .
C and a single, aggregate measure @ of the labor input. The labor aggregation function 4(L) .1
entirely captures the contribution to effectiveness of any combination of experience levels, ‘f‘l
summarizing this as the single value a = A (L) in units of "aggregate labor." However, our 5

assumption that the labor inputs represented by L consist of enlistees in a single occupation
group means that aggregate labor A4 (L) combines only different experience levels and not
different occupatians.

In this framework, the marginal aggregate labor (MAL) for enlistees in an experience level
tells how a change in the number of those enlistees changes the value of the labor aggregation
function. The marginal aggregate labor of enlistees in the (-th experience level is given by
MAL, ®m 3A4(L)/8L;. it is related 1o the marginal effectiveness for that level hy ME, =
MAL, x §¥(a, C)/8a. Hence. in general, marginal effectivencss ME and marginal aggrogate
labor MAL ure not equivalent,

Often, the form for the labor aggregation function is selected from among the class of
constant elasticity of substitution (CES) functions (Henderson and Quandt, 1971). These
functions have two defining characteristics: they are homogeneous of degree one, and as their
name implies, the elasticity of substitution & is the same botween all pairs of inputs and does not
change with the input mix. The CES labor aggregation function is given by
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In this case, the MAL for category / is a constant w;, the MAL ratics between categories are
constant, substitution can continue indefinitely, and aggregate labor is a linear function of the
numbers at each experience level.

Labor aggregation (unctions for military personnel usually include two experience levels:
first term and career. Jacquette and Nelson (1974) use both linear and Cobb-Douglas labor

-30-
l A(L) = (w0

. Tw =1

p=(l -alo .

. Henderson and Quandt show that the special cass ¢ = | (i.e., the limiting case as p—0)
‘ corresponds to the Cobb-Douglas function

I‘_':; A(L) = [IL™ .

The case where the clasticity of substitution ¢ it infinite (i.e., the case p = =1) gives

l A(L) = WL, .

F aggregation functions with five separate levels, one for every four years of service up to twenty
years, paralleling (roughly) the reentistment points. Gotz and Roll (1979) use a Cobb-Douglas
o first-term/caresr labor aggregation function. Albrecht (1979) uscs a nested CES aggregation

function, where the slasticities of substitution are estimated as a part of the model. Ha initially
models a frst-term aggregate of two levels, then uses this as an input to a Arst-term/career
pd aggregate.

! Finally, the chosen labor aggregation function can be used in an optimization model, either

maximizing effectiveness or minimizing costs. Jacquette and Nelson maximize effectiveness iy

. subject to a budget constraint, with retention rates a function of pay rates, the control variables

in the system. Gotz and Roll minimize cost, kesping efTectiveness constant, using reenlistment

- bonuses to determine the frst-term resnlistment rate. Albrecht also minimizes costs, treating as

I control variables either first term and careor inventories, or first term inventory and caresr
wages.

Enllstes ERectivencss Data
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Before 1978, little empirical data existed on manpower effectiveness. This led to the use of
proxy measures, such as career content, to measure effectiveness. Further, one of the major
issues in military manpower==accession vs. retention—was cast in terms of the tradeoff between
first<term and career enlistees, treating these as homogeneous categories,

The Enlisted Utilization Survey (EUS) was a large-scale survoy, taken in 1975, which
attempted to measure job performance of enlisted personnel (Gay, 1974). Rather thin telv on
measures such as job performance tests, the EUS instead solicited information from supervisors
on the ‘net contribution to unit productivity® of first term enlistees under their supervision. o]
Thus, instead of precise measures of various components of the enlistee’'s duties—son.. e N
important, some less=the EUS collected an overall assessment of effectiveness from those in a
good position 10 measure it.

The EUS instrument asked the supervisors to evaluate enlistees' "net contribution to unit
production” measured ‘relative to the averuge specialist with four years experien..” Following
Albrecht (1979), we interpret this as a ratio of two measures of marginal effectiveness: thrt of b
the enlistee and that of the average four-year specialist,

An ambiguity in the wording of the instrument leads to uncertainty regarding the reference
value. Rating net productivity ‘relative to the average specialist with four years experience® is
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subject to two interprelations. A respondent can take this as meaning “relative to the net
productivity which you would expcct of a typical specialist with four years experience, working
in your unit.” Alternatively, it can be taken as “relative to the averuge net productivity of all
four-year specialists.”

By interpreting the EUS duta as marginal effectiveness ratios measured relative to a typical
four-year specialist in the same unit, we can also interpret them as marginal aggregate labor
ratios, as shown in Appendix A.5. This leads to considerable simplification in later modeling,
since the latter ratios involve only labor inputs to a particular unit, and nonlabor inptts can be
disregarded.

Of course, any summarization of effectiveness as a single measure is at best an
oversimplification. The EUS data represent individuals' contributions in routine tasks on a
y day-to-day basis. Such measures miss the contribution of the enlistecs to the general level of
i deterrence provided by the force. For example, consider that enlistees newly arrived at their

initial duty station were often rated as having a zero or negative "net contribuiion® to uait
production. By analogy, enlistees still in boot camp make no contribution to any unit's
effectiveness. But, it is difficult to argue that a potential aggressor would be more de‘erred by
our forces were all such enlistees removed from it. It is also the case that the appraisal of an
i enlistee’s effectiveness may be affected by his or her role in the unit. Since careerists may
assume leadership roles, their purceived effectiveness may be high, although it is likely that less
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'{ senior enlistees could assume such roles successfully, were they given the opportunity. Finally, f,:;'
. since the EUS data are based only on firststerm enlistees, there is a certain amount of risk in
extrapolating it beyond that point, The effectiveness function could assume unrealistically large -;'-:

values. However, the choice of a functional form with an upper limit reduces the likelihood of &

that occurring, and Appendix B of Haggstrom, Chow, and Gay (1984) shows that at the end of [

four years, the effectiveness function is usually within ten percent of its asymptotic maximum, t-:

More importantly. should enlistces’ duties change substantially in later years of service, ‘;

measures of first-term effectiveness could be irrelevant in assessing their contribution in the new :"'

tasks. b

Thus, the EUS data as it stands is probably an inadequate besis for a thorough policy -

analysis. Other dinensions of effectiveness need to be accounted for. One possibility would be W

to seek some inodification to ths EUS data to incorporste the contribution of sheer bulk of

enlistees to deterrence and to other aspects of armed forces (rather than work unit)

effectiveness. Alternatively, optimization models might use "EUS effectiveness” as but one of

several attributes of interest, adopting, for example, a "goal programming" methodology similar

to that of the ASCAR model (Petruzzi and Broider, 1980). -
Acknowledging these limitations, we proceed to use the EUS effectiveness measures as

representative of the type of measure needed for a policy analysis of military manpower
accession and retention.

A Hybrid Model '
-
We next relate the economic and learning curve methodologies to each other, using as a -
framework the EUS data. From the preceding paragraphs it is clear that the two approaciies
have differing strengths and wecaknesses. The learning curve methodology stresses the N
dependence of cffectiveness on increased training and experience. The economic approach -
stresses the relationship of effectiveness to the other aspects of & unit's composition. [n the same "
manner that the retention function methodology permits better estimates of continuation rates, >
incorooration of effectiveness growth models into the economic methodology should yield better 2
analyses of labor substitutability, ::
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Albrecht (1979) applies the economic approach to modeling the EUS data. He treats
supervisor ratings as measures of relative MALs. That is, each observation gives the ratio of
the enlistee’s MAL relative to that of a four-year specialist. He uses this data, and data on the
experience mix within each enlistee’s work unit, to estimate a nested CES labor aggregation
function. Although his unit of analysis is the work unit, his unit of observation is the enlistee.
To avoid having to aggregate data into work units, he uses a two-stage technique to estimate a
CES fiest-term labor aggregation function. Each MAL ratio is then adjusted to give a ratio of
the enlistee's marginal "first-term aggregate” labor to that of a four-year specialist. These ratios
are used to estimate a second CES labor aggregation function combining “first-term aggregate®
labor and career labor. Once this is done, he uses the resulting nested aggregation function in
iwo optimizing models to deduce the characteristics of cost minimizing first-term and career
labor under various sets of assumptions.

Haggstrom, Chow, and Gay (1984) apply the learning curve approach to modeling the EUS
data. The EUS requested supervisor ratings for each subject as of four points in time during
the first four years of service, ranging (rom just after joining the unit to that (anticipated) at
the end of four years' service. The authors At learning curves to subpopulations of their data,
first grouping onlistees by scrvice, specialty, and type of training. They simply report their
results, with a few summary and derived measures, leaving it to others to infer the implications
of their work for personnel policies.
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To combine the two approaches, we begin by postulating a labor aggregation function with t_:
an infinite elasticity of substitution between enlistees of different expsriencs levels (as always, :’f
within the same occupation group). This yields a linear labor aggregation function of the form }J

A= Z,w = Fwls) where the j-th enlistee has s, years of service. Jacquette and Nelson
consider both a linear function and a Cobb-Douglas function, and1 Gotz and Roll only use a
Cobb-Douglas function. Albrecht, on the wther hand, estimates relevant elasticities of
substitution as parameters to his labor aggregation model. 1ie generally finds elasticity ¢ to be
in excess of 1, but frequently “significantly different from infinity” (i.e.. p significantly greater
than =1). If elasticity is not infinite, a linear function is inappropriate. However, he fits a
coarse function=one which partitions labor into only three experience categories, two for first
term enlistees and one for careerists. In Appendix A.6 we show that his procedure can bias the
estimated elasticities away from infinity. Thus, it is not clear that a linear function is indeed
inappropriate. Also, for relatively narrow changes in our input mix, a linear function should be
a reasonable approximation. For all these reasons, we feel comfortable in choosing to use a
linear function.

A consequence of our choice of a linear labor aggregation function is that the MALs do not
depend on the input mix. That is, the MAL for enlistee / is w(s)), which depends only on the
enlistee’s length of service 5;. Now, from above, the EUS data provides MAL ratios, relative to
that of "the average specialist with four years' experience." By choosing this latter value as our
numéraire for measuring aggregate labor, we can interpret an EUS evaluation of an enlistee
with s, years ol service as an observation of his or her MAL w(s)).
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Recause the MALs depend only on the enlistee's length of service, we use them as a measure o
of enlistee effectiveness, modeling them with an individual effectiveness function. Choosing the o

a_a_ s

same (unctional form used tv Taylor and Vincberg and by Haggstrom, Chow, and Gay, we "o
represent the MAL by w(s) = a = Be™". Our labor aggregation function then becomes 4 = Ao
T a=Be7™). "

Thus, by fitting learning curves to the EUS data in the fashion of Haggstrom, Chow, and
Gay, we estimate the parameters of a labor aggregation function, for enlistees in a particular -:j
occupation group. analogous to that of Albrecht. The multiplicity of labor aggregation function <
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purameters {w(s,)} is reduced to the more manageable . 5, and + from the learning curve.
Summary

This section explored some of the issues involved in modeling enlistee effectiveness. By way
of example, we constructed a model of enlistee effectiveness with two major characteristics; it
incorporate. the notion of increasing effectivencss over time, and it fits into the framework of
economic analysis of labor substitution. In the next section we show how such a model can be
used in enlistment and retention cost-benefit analyses.
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VII. SYNTHESIS, APPLICATIONS, AND CONCLUSIONS

In this final section, the models of retention and effectiveness are combined to provide a
unified tool for evaluating the expected contribution of an enlistee to his or her unit's
effectiveness. Generally, we do this by using the effectiveness function of Section VI as a
response function in the methodology of Section IV. A series of examples shows how this
methodology can be applied to military manpower analysis in a number of settings.

Retention and Effectiveness Together

The marginal aggregate labor function can be treated both as an effectiveness function, to be
modeled with a learning curve model, and as a response function, to be combined with a
retention function in a model of expected effectiveness for enlistees and expocied aggregate labor
for groups of enlistees. As in Section VI, we assume that enlistee substitutability within an
occupational group can be described by a linear iabor aggregation function A = F,w(s),
where w(s,) is the MAL of an enlistee with 3, years of service. We further assume that w(s,)
is an cflectiveness function of the form « = 8¢=", measuring efectiveness relative to that of our
numéraire for labor, the average experienced specialist (with four years experience, to be
precise) in the occupation grou . Since w(s) measures the enlistee’s effectiveness at s years of
service, the function g(s) ® jp w(E)dE meusures the cumulative effectiveness over the initial ¢
years of service. For example, g () = 3 implies that the enlistee's initial five years of service
contribute as much to the unit's effectiveness as an average experienced specialist would over a
three-year period. Thus g(s) fulfills the role of a cumulative response function, and marginal
aggregate labor w(s) = g'(s) that of a response function, in the sense of Section IV,

We use the term effectiveness-years to denote both cumulative effectiveness and the units in
which it is measured. One year of service by the average experienced enlistee (whose
effectiveness is by definition 1) constitutes one effectiveness-year, as does 2 years service by an
enlistece whose effectiveness is .5 over the period. This terminology is suggested by considering
the integral defining g(s) as measuring the area under a curve plotting our effectiveness
measure w(s) against years of service s. Note, though, that effectiveness-years are defined in
terms of the effectiveness function for an individual occupation group. Thus, effectiveness-years
are not comparable between occupation groups, since the numeéraire for each group is different.

Applying the methodology of Section IV to the effectiveness (i.e., MAL) function allows us
to evaluate expected aggregate labor for a group of enlistees. Specifically, an enlistee whose
service is characterized by the retention function R (s) and effectiveness function g(s) will have
expected career effectiveness-years

r
Elw(S)]) = J:) RGs)wls)ds .

using (IV.1) to evaluate the contribution over the enlistee's career. The aggregate labor of a
group of such enlistees is given by 4 = 2w (s)), which is an aggtgate response in the sense of
Section V. Thus. we can apply (IV.2) to obtain the group's expected aggregate labor E[A] =
NE[g(S)] where ¥V is the annual accession rate for such enlistees.

Let us illustrate this with a brief example, which will serve as the basis of later examples in
this section. Consider Food Service Specialists drawn from our population of high-quality
enlistees in the example from Section V. For this example, we assume that rctention does not
vary across specialties, and that for a given specialty, efTectiveness does not vary by enlistee
quality. While these assumptions may be debatable. they are reasonable for the purposes of this
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example. We can then use, for high-quality Food Service Specialists, the retention function
parameter estimates for all high-quality enlistees given in Appendix A.4, and the effectiveness
function parameter estimates for all Food Service Specinlists given in Appendix A.7, as taken
from Haggsirom, Chow, and Gay (1984). From Section IV and the previous paragraphs, the
high-quality Food Service Specialist yields 2.5S expected carcer effectiveness-years. Thus,
although they serve varying lengths of time, on average sach additional such enlistes provides
about the same contribution to aggregate labor, from enlistment through separation, as the
average experienced Food Service Specialist would in two years and seven months service. A
group of 1000 such enlistees would be maintained by an annual accession of 288 recruits, based
on Table S in Section V. Thus, the expected aggregate labor of this group would be
288 x 2.55 = 734, The 1000 enlistees of varying amounts of experience are equivalent to 734
average experienced specialists.

However, this analysis is subject to the ~aveats, given in Section VI, regarding effectiveness
measurement. Regardless of the appr..riateness of our particular effectivencss measure,
though, the principles described remain valid.

Areas of Application

We next describe how the analytical framework of the preceding paragraphs can be applied
to analyzing policy options. We discuss three potential spplications: evaluating the draft,
evaluating enlistment and reenlistment inosntives, and determining optimal force structurs.

Evaluating the draft, In periods of low unemployment, when many potential enlistees have
more attractive civilian-sector opportunities, we can anticipate renewed calls for a retuen to
conscription. As Cooper (1977) and others have shown, the draft implicitly imposes a tax on
those serving at a wage rete lower than that at which an adequate number of enlistess would be
forthcoming. Some portion of this “conscription tax® will constitute losses by thoss for whom
the military benefits are less than they could obtain from some other activity. The remainder is
"economic rent" representing the difference between the two wage rates. The conscription tax
represents a transfer of income from the draft-age population to the general taxpayer. As such,
it is both selective (only & small fraction of the population would ever be called to serve under
current demographic conditions) and regressive (the draft-age population has lower income than
the general taxpaying population). Nevertheless, it may be politically esaler to impose these
taxes on the drafi-age population than on the general taxpayer.

To show how our (ramework can be applied to evaluating the likely offects of a renewed
draft, we return t0 the Food Service Specialist example. I draftees displayed retention and
effectiveness patterns similar to those observed in the enlistees, except for an initial term of two
years rather than three, we would expect a career contribution of 1.94 effectiveness-years each,
on average.

While we feel reasonably comfortable arguing for similar patierns in ability betwesn
enlistees and draftees. similarity of retention is not as tenable. Since drafiees sxhibit, at least
initially, a markedly lesser taste for military service, we might expect, for example, lower first-
term reenlistment rates. Since atirition is at least somewhat under military control, we might
expect it 10 be reasonably unchanged.

We can determine a sogt of "worst case® for the draftee’s expected carcer effectiveness-years.
To do this, we evaluate f K(s)w(s)ds, which gives expocted effectiveness-years over the two-
year first term of service. q'I'hh (ollows the procedure described in Section IV. The value is 0.84
cflectiveness-years for our example, or one-third the contribution of a three-year enlistoe.

These results understate the benefits from conscription, to the extent that draftees arc
required to serve in the reserves following their tour of active duty. Tradeoffs between active
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duty and reserve forces are well beyond the scope of this paper.

Evaluating enlistment and reenlistment incentives, An alternative to conscription is the
stimulation of enlistment with various incentives to the enlistee. The Multiple Option
Recruiting Experiment tested the response of potential enlistees to a variety of enlistment
incentives (Haggstrom ot al,, 1981). The objective of the various options was to increase
recruiting, especially among young "high-quality enlistees*=high school graduates with better-
than-average mental ability. This was done with combinations of two-year initial enlistments,
guaranteod In-service training, and increased postservice educational benefits. Availability of
these incentives was generally restricted to high-quality enlistees, frequently in conjunction with
other requirements such as service in a combat arms specialty or an initial tour in Burope.

Let us consider the effects of offering a two-year initial enlistment as an alternative to the
usual three-year term. As before, in the context of our example we expect a career contribution
of 1.84 effectiveness-years from an enlistee with a two-year initial term, if such enlistees display
otherwise similar rotention and efTectiveness patterns to three-year enlistees.

A difficulty with such an incentive is that it wiil be available to those who would have
enlisted even in its absence. Thus an increased number of enlistees will be offset, at least in
part, by a lessened contribution from all enlistees. Given the choice betwaen a commitment for
two years and one for three years, with service alike in all other respects, we can assume for a
worst case that all enlistees will choose the two-year option. Consider two groups of enlistees
with identical patterns of effectiveness and retention, except that one group is manned by two-
year enlistees, while the other by three-year enlistees. Using (1V.2), we can evaluate the
cxpected aggregate labor for each group as the product of (a) the expected accession rate into
the group and (b) the expected career effectiveness-years for an Individual enlistee in that
aroup. For the expected aggregate labor of the two groups to be the same, the ratio of the
expected accession rates must be the inverse of the ratio of the values for expected career
effectiveness-years. In our example, two-year enlistees must enlist at a rate of 2.55/1.84 times
that for three-year enlistees. In other words, enlistments would have to increase by 39% under a
two-year initial enlistment just to hold their expected aggregate labor unchanged.

An alternative to increasing enlistments is to increase retention of enlistees already in the
service. Consider the expected effectiveness-years during the second term of an enlistee who
completes a three-year first term and reenlists for three additional years. Evaluating (IV.1) as
f’ R(s)w(s)ds gives the expected effectiveness-years during the fourth through sixth years, but
includes the effects of frst-term attrition and fallure to reenlist. Appendix A.1 can be easily
udapted to show that dividing the above by the probability the enlistes completes the first term
and reenlists gives the expected second-term effectiveness-years. Evaluating this yields 2.73
effectiveness-years. Thus, the expected effectiveness-years of a second-term enlistee exceeds
even that of the entire career of a new two-year or three-year enlistee. This surprising result is
a consequence of the second-term enlistee's greater effectiveness and the unlikelihood that the
new enlistee will serve beyond the end of the first term.

Determining optimal force structurs. Optimizing models of military manpower generally
determine that combination of manpower inputs which maximizes effectiveness subject to
budget und other limitations, or, symmetrically, minimizes costs subject 10 meeting required
levels of effectiveness and other constraints. For example, Albrecht (1979) solves for the
optimal mix of firststerm and career labor, within an occupution group, minimizing costs subject
to an effectiveness constraint.

A simple example demonstrates how our methodology can be used in an optimization
lramework. Consider the members of the enlisied force in a single occupution group. These
enlistees may differ in a number of ways. They may be characterized by different effectiveness
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functions. They may display differing retention behavior, described by different retention
functions. Their costs=wages and other benefits=may vary as well,

Measuring manpower cosls poses some new problems. Military compensation consists of a
combination of pay. allowances, tax advantages, bonuses, postservice benefits, and other fringe
bencfits. To reflect the true costs of service, deferred costs of postservice benefits must be
included in current compensation. Manpower costs must include a component of “expected
postservice benefits” including pensions, veterans benefits, educational assistance, and so forth,
which reflect variation in the amounts of benefits actually paid to different enlistecs. For
example, a reenlistment bonus is paid to eligible enlistees at the time of reenlistment, so the
costs for these enlistees must include, at the reenlistment point, the amount of the bonus.
Alternatively, if the eligible enlistees comprise a portion of a more general population, the costs
for the latter population must include the amount of the bonus. multiplied by the fraction of the
group which is eligible. Similarly, costs to the military of postservice benefits should be
included on an accrual basis, taking into account the likelihood of use of the benefits, in a
manner similar to the budgeting of pension costs, which takes into account variations in the
likelihood of becoming vested and in life length after retiring.

Given a measure of manpower costs, the force optimization problem can be structured and
solved on an occupation-by-occupation basis. We begin by dividing the enlistees into categories,
where enlistees in a category share common effectiveness, cost, and retention functions. For
each category k of enlistee, let V, be the expected annual accession rate, and let their length of
service be distributed as the random variable S, with retention function R, (s). Further, let
wy (s) give the effectiveness (i.c, MAL) for an enlistoe with s years of service, and let cx (s)
give the cost of an enlistee with s years of service, so f cx(x)dx gives the total cost of an
enlistee over the initial s years of service, including expected postservice benefits. We can treat
both the w;'s apd ci's as response functions und proceed. Expected aggregate lgbor is given by
ElAy] = N.I wy(s) Ry (s)ds and expected aggregate costs by £(C,) = N.L ()R, (s)ds.
Our decision variables are the N,. the expected accession rates into each category, and these
may be subject to some constraints such as N, € M,. Without loss of generality, we assume
the categories are numbered in order of decreasing value of the ratio of expected benefits 1o
expected costs, E(A4,V/EIC,). To minimize expected costs for a Axed level 4 of expected
aggregate labor, we set Ny = M, and compare E[(A,) to A. If the former is larger, we reduce
N, until E{4,] = 4 and stop. having found the solution. Otherwise, we leave N, = M, and
compare M; 1o A —~ E[A)], continuing in that fashion until reaching the required level of
expected benefits. Maximizing benefits for a given cost is done analogously.

This is a formal solution that may be unrealistic, given various constraints on supply,
utilization, etc. It does not address how the minimal effectiveness levels or the budget
consiraints are to be set. However, the solution can suggest directions to pursue in increasing
the cost-eflectiveness of the force.

Conchumions

This dissertation demonitrated an integrated methodology for assessing the effects of
military u.:0power policles which change the enlistment, attrition, and reenlistment behavior of
the enlisted force. This methodology. based on the retention function, provides techniques for
assessing both long-term and transitional effects of such changes. We have shown how the
retention lunction methodology is related to the commonly-used measure of military retention,
the continuation rate, and further have shown that standard tabulations of continuation data can
be used 10 estimate the parameters of the retention {unction.
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Th= retention function methodology, as it stands, does not integrate forecasts of changes in
the recruiting and retention environment to allow it to be used for forecasting manpower trends
any great distance into the future. However, exogenously determined effects of such changes on
attrition and reenlistment can be incorporated into the retention function, and this expands its
use into analysis of policies for which no corresponding retention data are available.

To dsmonstrate the retention function methodology required a measure of "benefits" from an
enlistes, and we derived one such measure from other work on enlistee effectiveness. This
measure, the effectiveness function, served well for illustrative purposes but probably is
inadequate for more general policy analysis. Since the measures of costs and benefits are
separate from the retention function as such, there are no impediments to incorporating more
suitable altornative measures.

Although we have limited our discussion to military manpower topics, the methodology
developed has potential applications in other manpower systems, especially those, such as
teaching and occupations requiring lengthy training and/or apprenticeship, where entry into the
system is usually only at the moat junin: level.
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Appendix A

TECHNICAL APPENDIX

A.1 Derivation of Expected Career Response

Theorem. Let F(s) be a distribution function for length of service S, with corresponding
retention function R(s). Let T be some finite time such that F(T) = 1. Let g(s) be a
differentiable function of length of service with g(0) = 0. Then Elg(S)]) = J; R(s)g'(s)ds.

Proof. The proof follows from integration by parts.

Elg(s)) = [ gG)dF(s)
= §(DF(T) - s OF O - [ Fls)dgs)
=-g(T) - j;TF(s)c'(s)ds
- [0~ Fngds
- forR(:)g'(s)ds .
A.2 Derivation of Expected Aggregate Response

For the following theorem and proof, we draw heavily on Parzen's (1962, pp. 144-59)
development of the Altered Poisson process.

Definition. If {N(t),t » 0} is a Poisson process with parameter », {¥,) a sequence of
independent, identically distributed random variables, independent of (N (t),¢ » O}, w(r, #, y)
a real-valued function of three variables, and X(t) = J¥h (¢, 7, y») where 1, is the time
of ths m«th occurrence, then the stochastic process (X(t), t ® 0) is a filtered Poisson process.

Lemma, E(X(1)]) = vf Elw(t,r,¥)]dr.

Proof. See Parzen (1939. p. 147),

Let accessions into the force follow a Puisson process with expected accession rate », with
accessions occurring at time 7, € 13 € -+, and with N (1) the total number of uccessions
through time ¢. Let the m-th accession have length of service S,,, and assume that service
lengths ure i.i.d. with distribution function F(s) on (0, 7] and corresponding retention function
R(s). Leu g(s) be a cumulative response function in the sense of Section 1V, and assume that
g is differentiable. Thus g'(s) is the corresponding response function, and G'(t) = Fg't = 1))
(with the sum taken over {j:r, € t € 1, +5,)) is the aggregate response function for the
force at time ¢.

Theorem. Under the above conditions, (or ¢ > T the expecied aggregate response
EIG'()) = vE(g(S)], the product of the expected accession rate and the expected career
respunse.

Proof. Let w(t,r. 85) = g'(1 = 1) when r €1 €1+ S5, 0 otherwise. Then G'(t) =
INOwt, T, Sw) and EIG'(t)) = uj;E[w(l.r.S)ldr by the lemma. Now w(t, 7, S) =
gt =) when § 3 t~-r 0 otherwige, so Elw(t,r.S)l= gt ~nPriS 21 -7]=
gU=7RU <7). Thus EIG'(4)) = uj;g'(t ~7R(t =r)dr = j;g'(:)k(:)ds ~ vE[g(S)]
whent > T,
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A.3 Coutisuation Probability Expression

Substituting the representation of R(s, x,t) from (I11.2) into equation (IV.3) for
Pls, x, t) ylelds the following expressions. When the end of the first term is more than one
year hence, 0 € s < ¢; ~ 1 and

O+8G+1)™
Q1+ ﬁ|3)-'
which is the conditional probability of no attrition over the following year. With less than one

year left in first term, ¢ — | € 5 < ¢, 30 that

(+8e)™ O+ 80 +1)™
———— X gy X

A+ 8s)™ (1 +8e)™
which is the product of (a) the conditional probability of no attrition during the remainder of
the first term, (b) the expected first term reenlistment rate, and (c) the conditional probability

of no attrition after reenlistment to one year hence.
With more than one year left in the second term, ¢, € s € ¢3 - | and

(1 + 8,06+ 1))™
(1 +8,8)™

analogous to (A.la) above. With less than one year left in the second term,
61— € 5 < e3and

Bl x, 1) = (A.1a)

ple,x,t) = (A.10)

(A.l¢)

fl,x 1) =

- (1 + 80 +1))™
(1 +8)™"

anaiogous 1o (A.1b) abuve, except the attrition process is the same before and after tha second

reenlistment point,
In general, for the third and succeeding terms, through 18 years of service, we have the
following. With more than one year left in the term, ¢, € s < ¢, = 1,3 € 18,/ 2 J, and

(1+8G+1))™
0+ 523)-.’

as in (A.lc) above. With lest than one year left in the term, ¢, € s < ¢, 3 € 1b,! D 3,
and

pls,x, 1) X py (A.14)

(A.le)

fls.x,t) =

(0 + 8,0 +1))™™
=~ (1 + exp(=y = 8¢,))"! (A.lD
0+ a”)_" eXpl—=vy L]

where the stcond factor is the expected reenlistment rate after ¢, years of service. Finelly, since
we ignore the small possidility of service beyond 20 years, we have for s 3 19

Pl s, 1) =m0 . (A.1g
A4 Derivation and Maximizstios: of Lik2libovd Funciica

s.ach of Tables 1-4 stratifics & portion of the enlisted population serving on October 1, 1978,
into 38 categories based on years of scrvice (m =0, - - -, |8) and whethes the end of & term of
service did or did not occur duriig the subsequent yeai (i = 1 or 2, respertively). For euch
combination of m and i two vulues were observed: N,,, the number in the caiegory on October
1, 1978, end K. the number of those remigining in the service on October 1, 1979. Thus, each

Pl x, 1) =
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of the ratios K,/Na constitutes an observed continuation rate whose expectod value is given by
the expected continuation rates cf equations (A.1) and (IV.4). A compl. i n arises since
individuals have different terms of initial enlistment and reenlistment, so the reen’istmunt points
€. ey '+ are not the same throughout the population. This \noiivaie | ous assumption that
cnlistees with less than four years of setvice are in their Arst term, with at <ast four but less
than eight years are in their second term, and all others are in thoir tNird of lswer term. This
allows us to choose the appropriate expression from among (A.1a)=(A.'f).

Each K, constitutes an observation of a binomial random variadle with prrameters
N = Ny and p = p,,, the expected continuation rate for that category. The likelihcod is 3iven
by

K
L = TIITE, [N:‘.i]p..‘-(n ) Mok
and thus the log-likelihood function is
log L = C+ FT[Knil0g pami + (N = Kny) log(1 = p)] .

Substituting the expressions for the expected continuation rates p,, gives an expression for the
log likelihood function in terms of the parameters a;. 8, a3, 81, P\, P2, ¥ sand 8. Numerical
maximization techniques applied to the data of Tables 1-4 g've the parametor estimates of
Table A.I.

A8 EUS Data as MAL Ratlos

Consider a unit with labor inputs L = £ and non-labor inputs C = ¢. Suppose labor
category | 18 the specialist with four years experionce. Then the marginal effectiveness of a
given labor categary. relative to that of the first category, is

L3

o S, L
OL,E(A(L)'C) 3 0aE(a.C) OLIA(L)
(") [} (]
—F(A4A(L), C) =—E(a, C)~—A(L)
8L Lol Cat t %a oL, Lol €l amall)
8
|
i

| oL, L=l

which i« the ratio of the MAL for category i to that for specialists with four years experience.
A.6 Bias in Estimaced Elasticities

The following example demonstrates how combining data for different enlistee categories can
lead to a downward bias in perceived elasticities ol substitution. We construst the exaniple in
such a fashion that it is independent of the method by which the data is combined and of the
estimation teclnique.

Suppose we observe the following data similar to that used by Albrecht {('979). For units
k=1, --- K and enlistee categories ¢ =1, ---,C we observe MAL,.. the marginal
contribution to the labor aggregate of enlistees in category ¢ in uult &, and L;,, the couat of
enlistees in the same category and work unit. Our MAL corresponds to Albrecht’s MP, ous L
to his L. our categories 1o his first-term subgroups and to carcer labor, and our unit ty his work
unit. Suppose that MAL is constant across units for each category ¢, 50 MAL, = MAL, fo

¥ Tk Pl
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. Table A.1
Efj ReTenTi~n FUNCTION PAraMETER ESTIMATES
2 High-Qualty ____ Lower-Quily -
Parameter All HSGC NHS
o 2882 4328 2789 7492
. L1428 6468 7783 4923
oy J172 213 2536 4837
8; 2.258 35320. 4483, 19390.
F1 2594 3206 3408 2974
. 4709 5228 8399 3983
¥ =2.460 -1929 -=1.806 -3.810
8 J223 28 2792 4089

"
|
:
%

all k. In this cuse, an enlistee’s MAL does not depend on the compoaition Of his or her unit.
Then log(MALy/MAL,y) for each combination of / and / is constant across units, und the
elasticity of substitution between categories / and / is infinite.

Suppose now we combine categories 2, : *:, C into a single category 0. To avoid having
our argument depend on the technique used to combine data, we assume for this example that
within cach unit only one of the Ly, > O for ¢ =2, -+, C. In sach unit k lst ¢, be the
category for which this occurs. Then it is clear that Lyo = Ly, and MALyo = MAL,, =
MAL.,

Next, we assume that {n our data it so happens that the L,, and MAL,, are related, in thut
when Ly, > 0 it is Inversely proportional to MAL,,. That is, there are (ewer of the
(presumably more experienced) enlistess with higher MALs, a not-unlikely occurrence. Thus,
we have

IOI(L‘JL“) - |0|(I.g,‘/l-“)
- |0'(MAL“/MAL“‘)
= =log(MAL,o/MAL,,)

and the elasticity of substitution between categories O and | appears to be 1, although this is
entirely an artifact of the relationship between MAL and L in our data.

We have shown that combining categories of enlistees with differing MALs and with L
related to MAL in the observed data can cause a downward bias in the apparent elasticity of
substitution. Furthermore, Albrecht's scheme for choosing appropriate categories of firs'-term r
labor does not eliminate this possibility, and the apparent statistical significance of his tests for
non-infinite clasticity mnay be a result of this.
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A.7 Effectivencss \'unctioa Parameter Estimates :'"
Haggstrom, Chow, and Gay (1984) fit a learning curve of the form
a=pe0" 5 5y, jlz;"
vis) = 1o 0€s € s C:‘:
where 5q is the time speni in training, travel, and leave vefore arriving at the initial duty station. .
In the body of this work we omitted mention of training time to simplify the exposition; we ::-j
1 have, though, included its effects in the manner shown above. The “non-productive” time of the
| training instructors is more correctly irclvded as s cost rather than as lost effectiveness, 'I.\.-j
reflocting the difference between the enlistee’s role while in training and while assigned to a {:f-
duty station. : v
Table A.2 repeats the parameter estimates from Table B-16 of Haggstrom, Chow, and Gay, b
for Army technical school graduate Food Service Specialists. !t also contains the transformed },
values of these estimates to ones for our parameterization. These reflect their scaling of 100 as b
the value for the average specialist with four years' experience, which we scale as |, and their o
scaling of time in months rather tnan years. v
Tabls A.2 o
LearNING Curve PARAMETER ESTIMATSES:
ARmY TECHNICAL ScHOOL GRADUATE o
FooD SERvics SHICIALISTS -
Parameter  Estimate  Transform R
« 109.8 1.098 e
] 68.9 689 -
Y 046 552 R
5o 150 days 411 yoars o
v
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